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Abstract 

We give a systematic method to calculate some homological data from the global 
monodromy of a topological elliptic surface. We apply this method to the cases 1) 
the transcendental lattice of an extremal elliptic K3 surface, 2) the torsion part of 
Mordell-Weil group of a general elliptic surface, and 3) the Mordell-Weil lattice of 
a rational elliptic surface. 

We present possible list of global monodromies of rational elliptic surface and ex- 
tremal elliptic K3 surface which reproduce to the classification obtained by Oguiso- 
Shioda and Shimada-Zhang respectively. 
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1 Introduction 

In our previous paper [EJ we analyze the trivial lattices (which is essentially the combina- 
tions of the singular fibres), the Mordell-Weil lattices and the torsion parts of Mordell-Weil 
group of rational elliptic surfaces using the method of string junctions in string theory, 
and reproduce the classification of the Mordell-Weil lattices due to Oguiso-Shioda by con- 
structing the corresponding global monodromy. In this paper we apply the idea of || to 
elliptic K3 surfaces. 

Let / : X — > P 1 be a general topological elliptic surface which has a smooth cross 
section and no multiple fibre. Let T be the sublattice of H2(X, Z) which is generated by 
irreducible components of each singular fibre, a smooth cross section and a generic fibre. 
We denote the orthogonal complement of T in H2(X, Z) and the primitive closure of T 
in H 2 (X, Z) by T- 1 , T respectively. 
The results of this paper is as follows : 



1 



1. We give a systematic method to calculate the homological data T ± , T/T from the 
global monodromies. 

2. We reproduce the classification of rational elliptic surfaces and extremal elliptic K3 
surfaces due to Oguiso-Shioda and Shimada-Zhang by constructing the correspond- 
ing global monodromy. 



About 1. We give these algorithms in section 4.2. These algorithms are essentially reduced 



to the calculation of the elementary divisor of integral matrix. 

About 2. Let / : X — > P 1 be a complex elliptic K3 surface with a section O which 
satisfies the following conditions : 

(i) The Picard number is 20. 

(ii) The Mordell-Weil group is finite. 

Then / : X — > P 1 is said to be an extremal elliptic K3 surface. 

The classification of the pairs (trivial lattice, Mordell-Weil group) of semi-stable ex- 
tremal elliptic K3 surface has been done by Miranda and Persson [|ll|] and complemented 
by Artal-Bartolo, Tokunaga and Zhang fl3f . The classification of the pairs (trivial lat- 



tice, Mordell-Weil group) of unsemi-stable extremal elliptic K3 surface has been done 



by Ye JT4|. The complete classification of the triplets (trivial lattice, transcendental lat- 
tice, Mordell-Weil group) of extremal elliptic K3 surfaces has been done by Shimada and 
Zhang Q. 

One of the purpose of this paper is to give the list of global monodromies which 
corresponds to the list given by Shimada and Zhang (called Shimada- Zhang's table). The 
main theorem of this paper is as follows : 

Theorem. If ther exist an extremal elliptic K3 surface with the global monodromy 
given in Table |], then the corresponding triplet (trivial lattice, transcendental lattice, 
Mordell-Weil group) of the surface is given by the data of the same Table [| 

2 Preliminaries 



2 



2.1 Monodromy of elliptic surfaces 

In this section we will recall some basic facts on the monodromy of elliptic surfaces 
following the reference 0. 

Let / : X — > P 1 be an elliptic surface that has n singular fibres F Ul , F U2 , . . . , F Un on 
S = u 2 , • • • j u n }. We take an base point u 6 P 1 \ S 1 , and let p 1; p 2 , . . . , p n be disjoint 
smooth paths which connect «o with m, u 2 , ■ ■ ■ , u n respectively, p[, p 2 , . . . , p' n be generators 
of 7Ti (P 1 \ 5, m ) which correspond to pi, p 2 , . . . , p n , p*, p 2 , . . . , p* be automorphisms of 
ifi (/ _1 (mo), Z) corresponding to p[, p' 2 , . . . , p' n and (a, (3) be the basis of Hi (/ -1 (iio), Z). 
We put (1 < i < n) the circuit matrices along the path p' i: and call (ifi, K 2 , . . . , iT n ) the 
global monodromy on (p' 1; p' 2 , . . . , p' n ) of X. Namely if p* (a) = ai<y + Ci(3 and p* (f3) = bia + 
diP then Ki = J .[] It is clear also that K n K n _\ ■ ■ ■ K\ — I. For i = 1, 2, . . . , n — 1 

let Mj : 7r 1 (P 1 \ 5, Mo) - * 7Ti (P 1 \ 5*) Wq) be an automorphism of 7i"i (P 1 \ 5*, « ) defined by 

«< (p'i) = p'i, ■■■>«< (p'i-i) = p'i-i,^ (p'i) = pVi> m * (pVi) = p'i+vp'i-p'i+i^i (p' i+2 ) = 

p'j +2 , ■ ■ ■ ,Ui (p' n ) = p' n and i?j (-^i -1 ) be an transformation of global monodromy which is 
induced by Ui (u^ 1 ) . Then we have 

Ri ((K 1} ...,K n )) = (K u . . . , K^, K i+1 , K l+1 KiK- + \, K l+2 , ...,K n ) 

Rr 1 {{K u ...,K n )) = {K u ..., Km, Kr l K l+l K, K h K i+2 , ...,K n ). 1 

We call the transformations Ri, R~ l (1 < i < n — 1) the elementary transformations of 
global monodromy. If there exists a finite sequence of elementary transformations and 
SL(2, Z) transformations corresponding to the base change of Hi(f~ 1 (uo), Z) which trans- 
fer (K x , K 2 ,..., K n ) to (K[, K 2 , . . . , K' n ), then we identify (K u K 2 , . . . , K n ) with (K[, K 2 , . . . , K' n ) 
and denote (K x , K 2 , . . . , K n ) ~ (K[, K' 2 , . . . , K' n ). 

2.2 Oguiso-Shioda's table and Shimada- Zhang's table 

In this section we recall the results of the references and [|J. 

Let / : Xk — > P 1 be a topological elliptic surface that has n singular fibres F Ul , F U2 , . . . , F Un 
on S = {ui, u 2 , . . . , u n } and the Euler number is 12k. Through out of this paper we 
assume / has a smooth cross section O. Let O, F be a section and a generic fibre. We 
■""We remark that this definition of the circuit matrix is inverse of the ordinary one. 
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the type of F v 


T v 


In (1 < n) 


-A„_i (Aq = 0) 


II 





III 


-Ax 


IV 


-A 2 


I* (0 < n) 


—D n+ 4 


II* 


-E 8 


III* 


-E 7 


IV* 


-E 6 



Table 1: the correspondence of the type of F v and T v 



put U' = (O, F). Then it is known that 

H 2 (X k , Z) = (-S 8 
-k 1 



where U 



1 

1 



and U' 



1 



© U® 2k ~ 2 © U', 
. We set the sublattice Lk of H 2 (Xk, Z) 



L k := (-E 8 f k © U mk ~ 2 . 



For each v G S = {u\, u 2 , . . . , u n }, let 



TO^— 1 



1=1 



where 0^^ (0 < i < m v — 1) are the irreducible components of F v , m v being their mul- 
tiplicity. 0^0 is the unique component of F v meeting the zero section. And we set the 
sublattice of L k 



where T v = (Q Vj i \ 1 < i < m v — 1). Then it is known that the opposite lattice — T v is a 
root lattice of rank m v — 1 which is determined by the type of the singular fibre F v 0. 
We can summarize the correspondence of the type of F v and T v in Table |I[ 

Consider the lattice embedding 



iy '. V c — > Ii\ 



(2) 
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and let V L be the orthogonal complement of V in Lk and V the primitive closure of V in 
Lfc. Now we describe the geometric meaning of V- 1 -, and V/V. First, with respect to the 
geometric meaning of V/V the following is known. 

Theorem 1.(0) The torsion part of Mordell-Weil group of X^ is isomorphic to V/V. 

For k = 1, Xk is a rational elliptic surface, and the following is known. 

Theorem 2.(0) The Mordell-Weil lattice of a rational elliptic surface is isomorphic to 
the opposite lattice of (V -1 )*- 

One of the main results of the reference is the classification of all the possible triplets 

(V, Mordell-Weil lattice, torsion part of Mordell-Weil group) 
of rational elliptic surfaces. (We call this table Oguiso-Shioda's table.) 

For k = 2, Xk is an elliptic K3 surface. In particular an elliptic K3 surface is said to be 
extremal if the Picard number is 20 and Mordell-Weil group is finite. For an extremal 
elliptic K3 surface it is known that 

Theorem 3.(|Q) The transcendental lattice of an extremal elliptic K3 surface is isomor- 
phic to V- 1 . And the Mordell-Weil group is isomorphic to V/V. 

One of the main results of the reference |4]] is to classify all the possible triplets 

(V, transcendental lattice, Mordell-Weil group) 
of extremal elliptic K3 surfaces. (We call this table Shimada- Chang's table.) 

3 Junction 
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3.1 Tadpole junction lattice and rational tadpole junction lat- 
tice 

In this section we define tadpole junction lattice and rational tadpole junction lattice by 
using the notations of the previous section and the descriptions of the reference [[J. 

Let Di (1 < i < n) be small closed disjoint 2-disks in P 1 with the center m (1 < i < n). 
We can assume that the sets pi fl Dj (1 < i < n, 1 < j < n,i ^ j) are empty and that each 
of the sets piddDi (1 < i < n) has only one point. Let u[ = piddDi and pi be the part of 
Pi from uq to u'i- We can assume that p\ = pi ■ dDi ■ p^ (ODi is oriented as the boundary 
of Di). 

Now we construct 2-cycles on X. For a curve p starting from w and an 1-cycle 7 on 
/ _1 (mo), by the locally flatness of the fibering / : X — > P 1 , there is a continuous family 
of 1-cycle j u of f^ 1 (u) {u G p) such that 7 Mo = 7; the union |J ugp 7 u , which is a real 
2-dimensional surface, is denoted by p(i)- It is clear that 

pp (7) = p (7) + p (p*l) (as the element of H 2 (X, R)) (3) 

Consider n open surfaces 

P'l (7l) , P2 (72) , ■ ■ ■ , P ' n (in) (li e H X (f- 1 (U ) , R)) 

which have common boundary in / _1 (w ); glue them together to get a closed surface J 
which is denoted by 

J = P'l (7l) + P2 (72) + ■■■ + Pn (in) ■ 

We also use notations such as 

J = [xi,yi;x 2 ,y2] ■ ■ -]x n ,y n \ 

~ \ X ll Vl'i X 2i 2/2) ■ ■ ■ ) X m Vn) ) 

where 7^ = Xi<y + yi[3 (1 < i < n) and ji — p'* (ji) = a^a + y^. Then we have 

fi) = <'-*> ft) (4) 

For J = [xi,yi;x 2 ,y 2 ; • • • ;^n,2/n] = K, ^' 2 > v'i\ ■ ■ ■ 5 x n>2/n)> J is said to be a todpoZe 
junction if all 2^,3/2 are integral and a rational tadpole junction if all a^-,^ are integral 
(See Figure @). 
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Figure 1: (rational) tadpole junction 



Now we define the tadpole junction lattice of X. We put T = {ui G S \ f 1 (-u i ) is of type 1} 
and I — 2n — \T\. If Ui G T, we can assume that f^ 1 (m) is of type I ni and 



1 + riiPiqi -nipj 



2 



Uiqf 1 + ntf^ J ' 
Then X{ and ?/j are redundant as variables and we can use variable U defined by 

Pi \ I %i 



where!? x C , I means ad -belt is clear that 



X A + /Pi 



6/ W 



For Mj G T we will take tj as the independent variable instead of Xi,yi and we use the 
notation of J such as J = [si; s 2 ; . . . ; s n ] where = (xj, yi) (u^ T) and Sj = tj (-Uj G T). 
By the boundary condition, we have 



Let 



ft 7 \o 



Wi = {J = [x 1 , yx, . . .; ti, ... ; x n , y n ] G Z | Xj, j^, £j satisfies the condition (Q)} 
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and 



(, ):W 1 xW 1 ^Z, (J 1 ,J 2 )^(Ji,J 2 ) 

be the symmetric bilinear pairing defined by the intersection number of the tadpole junc- 
tions Ji and J 2 . Then, for J x = [x u yi; ; x n , y n ] and J 2 = [ui, Vi, . . . ; wf, . . . ; « n , v n ], 
we have 



^ ^) = E (?) x ( J - (?) - E 



l<i<j'<n 

Hence we can define the tadpole junction lattice of X by (W 7 !, ( , )). That is, 

Proposition 3.1 Let (Wi, ( , )k) (resp. (Wi, ( , )k)) be a tadpole junction lattice for a 
global monodromy = (K i: K 2) . . . , if„) (resp. If = (Ki, • • • , -^n))- H K ~ K, then 
there exists an isomorphism between {W\, ( , )k) and (Wi, ( , 

Proof. We can assume that K transfer K by the elementary transformation i?,. If 
Ui ^ T and tij+i ^ T, then we let the 4x4 matrix P 

h-K t I 2 
K i+1 O 

If Ui G T and ^ T, then we let the 3x3 matrix P 

'niPi 1 N 
P = | n iqt 1 
1 0, 



If Ui ^ T and G T, then we let the 3x3 matrix P 

P = 

If Ui G T and G T, then we let the 2x2 matrix P 

P 



-Qi+i,Pi+i) (h - Ki) T 

K i+1 or 



ni(p i+1 qi - piq i+1 ) 1 

i or 
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Let the I x / matrix Pi 



/I 



Pi 



\ 



\ 



1/ 



It is clear that 



det(Pi) = ±1. 



For J = [xi, yi; . . . ; x n , y n ] G Wi, we let J = 'Pj J. Then we have J G W2 and 



(J,J) K =(J, J) 



K ' 



Next we define the rational tadpole junction lattice of X. Consider a tadpole junction 
J' = (x' 1 ,y' 1 ;...;x' n ,y' n ) G Z z . 
If Wj G T, we let 



(7) 



By substituting and (0) to (|5]), we have 

E f 3) + E « 



Pi 



Let 



W 2 = {J' = K, 2/1; ; <, j£) G | xj, ^, t[ satisfies the condition (g)} 



and 



}:W 2 xW 2 ^Q, (4,4)^(4,4) 
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be the symmetric bilinear pairing defined by the intersection number of the rational 
tadpole junctions J[ and J' 2 . Then we have 

-i f-f'i\ .. { "'\ \- t '"'' 

(9) 



+ y ft) x h) 



l<i<j<n 



for J[ = (x' 1 ,y[; . . . ; t[; . . . ; x' n , y' n ) and J' 2 = (u[, v[; . . . ; w-; . . . ; u' n , v' n ). We can define the 
rational tadpole junction lattice of X by (W 2 , ( , ))• That is, 

Proposition 3.2 Let (W 2) ( , )k) (resp. (W 2 , ( , )^)) be a tadpole junction lattice for a 
global monodromy K = (K i: K 2) . . . , K n ) (resp. K = (Ki, K 2) ■ ■ ■ , K n )). If K ~ i^, then 
there exists an isomorphism between (W 2 , ( , )x) and (W 2 , ( , )j>). 

Proof. We can assume that if transfer K by the elementary transformation Ri. If 
Ui^T and ttj+i ^ T, then we let the 4x4 matrix Q 

If G T and tx i+ i ^ T, then we let the 3x3 matrix Q 
If Ui T and t/j+i G T, then we let the 3x3 matrix Q 



-n i+1 q i+1 , n i+1 p i+1 1 

0, 



If G T and G T, then we let the 2x2 matrix Q 

q = fn i+1 (p i+1 yi - Pi q i+1 ) 1 
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Let the I x / matrix Qi 



/I 



Qi 



\ 



Q 



1/ 



It is clear that 



det(Qi) = ±1. 



For J' = (x' 1 ,y' 1 ; . . . ; x' n , y' n ) G W 2 , we let J' = l QiJ' . Then we have J' G W 2 and 



{J',J , ) K =(J',J') & . 



Q.E.D. 



3.2 Null junction and rational null junction 

Let po be an path which is homotopic to constant mapping id uo . We define a null junction 
to be a tadpole junction which is homologous to po (7) (7' £ #1 (/ _1 (^o), Z)) and let 

E/i = { J = fci, • • • I a?n» 2/n] = • • • ! y' n ) e z ' | J is a null junction}, 

which is called the nuZZ junction Z-module. 

Lemma 3.1 The null junction Z-module U\ is generated by J a = [xi, yi, . . . ; x n , y n ] G Z 2n 

and J;, = [ui, Vi] . . . ; w n , v n ] G Z 2n , where 



K^ X K^---K X 



u, 



K i _ 1 K l _ 2 ---K 1 



Proof. Because p = p x p 2 ■ ■ ■ p n , by using @ repeatedly, we obtain 



Ki<n). 



Po (7) = Pi (7) + • • • + Pi {p*-i ■ ■ ■ Pi(7)) + • • • + Pn {pn-i ■ ■ ■ Pi (7)) • 
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We put 7 = pa + q(3 (p, q G Z) . We have p (7) = Po («) + Po (/?)• And, by the definition 
of the tadpole junction, we have 



J a = Pi («) H h Pi (p*_! • • • pj(a)) + • • • + p n (p*_i • • • Pi(a)) 

J 6 = Pi (/?) + • • • + Pi (PU ■ "Pm) + ■ ■ ■ + Pn {P*n-1 ■ ■■Pl(P)) ■ 

We have thus proved the lemma. Q.E.D. 

Similarly we define a rational null junction to be a rational tadpole junction which is 
homologous to p (7') (7' G Hi (/ -1 (uo)j Q)) and let 

U 2 = {J' = yi; • • • ; x' n , y' n ) G 7} \ J' is a rational null junction}, 

which is called the rational null junction Z-module. 

For % (1 < % < n), if Ui G T, then let iVj = n { (—qi,Pi) else — I — K { . Let the / x 2 
matrix N 



and the elementary divisor type of N be (ni,n2). That is, there are a / x / unimodular 
matrix A and a 2 x 2 unimodular matrix B = {pi, b 2 ) such that 



ANB 



(ni 0\ 

n 2 




(10) 



Lemma 3.2 The rational null junction Z-module U 2 is generated by J' a = (x[,y[] . . . ; x' n , y' n ) 
and J' b = (u'i,v[;...; u' n , v' n ), where 



x\ \ 1 , T r , N r , T , , / w' \ 1 



. —(I-K i )K i _ 1 ---K 1 b u ))= — (I-K i )K i - 1 ...K 1 b 2 (l<i<n). 

(11) 
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Proof. Let rJ a + sJb (r, s G Q) be a rational null junction, and put * (r , s') = B 1 * (r, s). 
For z (1 < % < n), if it,- G T, then let 



Mi = rii 



else 



M i = {I-K l )K i „ l ---K 1 . 



Let the Z x 2 matrix M 



M 



/MA 



VMn/ 



By the definition of the rational tadpole junction, we get M t (r, s) G Z 1 . This is equivalent 
to the condition iV* (r, s) 6 Z ; , and which is equivalent to the condition ANB 1 (r ', s') G Z l 
because A is unimodular. By ( |T0D it means n 1 x',n 2 y / G Z, and which means n\x,n%y G 
Z because B is unimodular. That is, x = a/ni,y = b/n2{a,b G Z). Therefore = 
(1/ni) J a , = (l/^) Jfc. By Lemma 3J we have ([TTD . Q.E.D. 



From the definition, we can identify the tadpole junction with the element of H2 (X, Z) 
by the class mapping 



h : W 1 ^ V 1 C L k , Jh [J]. 



Lemma 3.3 



Ker h=U x 



Proof. It is enough to show Ker/t C(7i. Let J = [xi, yi, . . . ; x n , y n ] G Z 2 ™ be the element 
of Ker h. For i (1 < i < n — 1), define the tadpole junction Jj, Jj by 

12 i i+1 n— 1 n 

2 j 2+1 



1 



n— 1 n 



Ji= r0,0; 0,0;...; 0,1; 0,-1;...; 0,0; 0,01. 
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We have (J, Jj) = and (J, Jj) = because J is the element of Ker h. On the other 
hand, by an easy calculation, we obtain 




Therefore we have 



K„ 



And then we have 



By Lemma 3.1 we have J 



Xi-l 

Vi-x, 

XiJa + ViJb G U x . Q.E.D. 



K, 



i-l 



3.3 Brane configuration and junction 

In this section we define the brane configuration and junction lattice and prove the nec- 
essary proposition and the lemmas. 



It is well known that the local monodromy matrix K of the singular fibre F of type I\ 

K = 



1 + pq —p 2 
q 2 1 — pq 

if the vanishing cycle of F is pa + q/3. Then we denote the singular fibre F by X[ p . 9 ] and 
the matrix K by In particular we denote Xn^j, X^-i], X^ y by A, B, C and 

K[i t o], K[i_^, Ky\,i\ by Ka, Kb, Kq respectively. We call the finite sequence of X[ Pj(? ] the 
brane configuration. Let X = X[p ljgi i • • • Xk i9 i. By ([!]), we can define the elementary 
transformations Ti, T" 1 of brane configurations 



Ti (X[p lj?1 j • ■ • X[p iigi ]X[ Pi+li(?i+:L ] ■ ■ ■ X[p n>9n ]) - X[p 1>?1 ] ■ ■ • X(p i+ltg . +1 ]X[,. )S ] • ■ ■ X[p„ >g „] 

1 (X[p 1>gi ] • • • Xjp^^jX^^g^^ • • • X[p n) g n ]) = X[p 1>?1 ] • • • X[ tjU ]X[p j)ft ] • • • X[p„ j?n ], 



(12) 



where 



[r, s] = [pi, qi] + (p^i+i - Pi+iqi) [p i+ i, q i+ i] 
[t, u] = \p i+1 , q i+ i] + (piq i+ i - Pi+iqi) [pi, qi] . 

If there exists a finite sequence of elementary transformation which transfer 'X-\ Puqi ] • • • X[ Pn )9n ] 
to X [rijSl] ■ • • X [rn)Sn] , then we identify X[ Pligi] • ■ ■ X [pni(?n ] with X [rijSl] ■ • • X [r . njSn] and denote 
X^j-.-X^-X^-.-X^] 
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Now we define the junction lattice of the brane configuration X. We define the Z-module 
Zx of rank n — 2 by 

Zx = {Q = (Ql, ■ ■ ■ , Qn) G Z» Qi ^ + • • • + Q n (^j = ^ 

and the symmetric bilinear (Q, Q) pairing by 

n 

(Q, Q) = ~ Qi + CP*3? ~~ Pi?*) Q&r 

i=l i<j 

We call the lattice (Zx, ( , )) junction lattice of X and call the element of Zx junction. 
This definition is well-defined ||. We remark that the junction Q = (Qi, . . . , Q n ) can be 
geometrically interpreted as the tadpole junction J = (Qi(pi, (ft); . . . ; Q n (p n , Qn))- By an 
easy calculation we obtain 

(Q,Q) = (J,J). (13) 

Theorem 4.(0) 

Let X[p li?1 ] • • -X[ P; be the brane configuration which satisfies 

K \piM ■ ■ - K [pi,qi] = L ( 14 ) 

Then there exists a natural number k such that I = 12k and 

X bl , gi] " " " X [pi2fcl9l2fc] ~ AfBCBC • A^BCBC = {A 8 BCBC} fc . (15) 

12 12 

Theorem 5.(0) 

Let X be the brane configuration X[p li9l ] • • ■ X[ Pn (Jn ] and i^x be the matrix Kfo 1>qi ] ■ ■ ■ if[p„, g „] 
Let Mx be the Gram matrix of the junction lattice Zx of X and d is the G.C.D of 
XiUj — Xji/i (1 < i < j < n). Except for the case X = Xj^, we have 

, , det(I-Kx) 
det (M x ) = V d2 1 ■ 
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Proposition 3.3 Let X = X[p li91 ] • • • X[ Pl2fej g 12fc ] be the brane configuration which satisfies 
the condition flT5|) and Z x the junction lattice of X. Let U be a Z-module generated by 
Q a = (ax, . . . , ai2k) and Q b = (h, b 12 k), where 



a. 



P 



x Ku 



,i i ■ '■ > " ' ' [Pi'9U 1(1/ \ n 

Hi J \ / \ 



, hi 



X Kr, 



-l><?i-lj 



Ku 



•bi-l>9i-l 

Then the quotient lattice Zx/U is isomorphic to L^. 
Proo/. 

Claim 1. (Q, Q) is even for arbitrary Q = (Qi, . . . , Q\2k) G ^x- 
proof. By induction, we can prove the following lemma. 
Lemma 3.4 Let Q = (Qi, ■ ■ ■ , Qi2k) is an element of Z 12fe . If 

then (Q, Q) is even, else (Q, Q) is odd. 

Claim 1. follows from this lemma and the definition of Zx- q.e.d. 

For a brane configuration Y, we denote the positive signature, the negative signature 
and the nullity of the Gram matrix of Zy by cr + (Y), cr_ (Y) and cr (Y). For a matrix 
•■■ ai,n\ fcti,i ■■■ «i,A 



.4 



we denote 



\^n,l ' ' ' Q"n,n J 



by Ai (1 < % < n). 



\ a i,l ' ' ' a i,i ) 



Claim 2. a + (X) = 2k - 2, (X) = lOJfe - 2, tr (X) = 2. 
proof. By (p!2|), we have 

X ~ X1X2 

where X x = A 8fc B 2fc and X 2 = X[4fe-3,i-4fe]X[ 4 fe-5,3-4fe] • • -X[i _ 3] C. 
First we show that a_ (X) > 10k — 2. 

In fact we have Zx 1 — (— A S k-i) © (— A2k-i), and then cr_ (X) > cr_ (Xi~ 
Next we show that a + (X) > 2k — 2. 



lOfc - 2. 
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It is enough to show that Zx 2 is positive definite. Let Y n = X[2 n _3 i i-2ri]X[ 2n _5 i 3_2n] • • • X^-^C 
and K Yn := \^ h ? J = #[-1,-1] ■ • • #[2n-5,3-2n]#[2n-3,i-2 n ] (n > 3). Then by induction 



we have 



a n = (-l) n+1 (An 2 - n - 1), 6 n = (-l) n+1 (4n 2 - 5n), 

(16) 

Cri = f_ir + v d n = f-ir +1 fn-ii. 



Let 6 n j = (0, . . . , 0, 1, 0, . . . , 0, 1 — i, 2 — i) (3 < i < n) . It is easy to see that Bi = 

V v ' 

n 

(6^3, . . . , is the basis of Zy r Let My. is the Gram matrix of Z Yi about the basis 
Bi (3 < i < n). Then by Theorem 5. and flTBD we have 

det((M Yn ) t ) = det (M r J 

= (4i 2 - 2 + (-1)*2) /16 > (3 < i < n) . 

Therefore it follows that Z Yn is positive definite. We see that Zx 2 is positive definite 
because X 2 = Y 2 k- 



Lastly we have o"o (X) > 2 by Lemma |3.1| and Lemma p.3| . Therefore we have proved 
Claim 2.. q.e.d. 



By (pD, we have 

X ~ X 3 X[ 3j i]A, 

where X 3 = (A 8 BCBC) n_1 A 7 BC 2 . Let M Xa be the Gram matrix of Z x?> and C = 
(ci, . . . , C12/C-4) the basis of Zx 3 - By Theorem 5. we have det (Mx 3 ) = 1- Hence it follows 
from Lemma |0| and Lemma ^3] that (ci, . . . , Ci 2 fc_4, Q a , Qb) is the basis of Z X - Therefore 
Zx/U is isomorphic to Zx 3 - By Claim 1. and Claim 2. we see that Zx z is even unimodular 
lattice and the signature of Zx 3 is (2k — 2, 10k — 2). We have Zx z — Lk by lattice theory 
|I5fl. We have thus proved the proposition. Q.E.D. 



In the following we describe the confluence of singular fibres by the brane configuration. 
Consider the case that the singular fibre F is of type Jq for instance. In this case it 
is known that the local monodromy matrix of F is — / J7|. The brane configuration 
Xi? = A 4 BC corresponds to F because — / = i^ijiT^-i] (-K^o]) 4 . We remark that this 
kind of expression of the monodoromy matrix as a confluence is not unique. However, 
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the type of F 


brane configuration Xp 


junction lattice Zx F 


In (1 < n) 


A n 


-A*-! {A = 0) 


II 


AC 





III 


A 2 C 


—M 


IV 


A 3 C 




K (0 < n) 


A n+4 BC 


~Dn+4 


II* 


A 7 BC 2 


-E s 


III* 


A 6 BC 2 


-En 


IV* 


A 5 BC 2 


-E 6 



Table 2: the brane configuration Xp and the junction lattice Zx F of the singular fibre F 

all such expressions are equivalent (see for insetance 0.) And then it turns out that the 
junction lattice Zx F is Zx F = — D± ||, which corresponds to the fact that — T v of the 
singular fibre of type Iq is D4. In general, the brane configuration Xp and the junction 
lattice Zx F of the singular fibre F can be summarized in Table |2| . 

Consider the elliptic surface Xk such that the global monodromy is K = (Ki, . . . , K n ). 
Let the brane configuration Xp u , which correspond to the singular fibre F u . 

X Fui = X bi,l,9»,l] ' ' ' X bi,m i >9i,n H ] (1 < * < , 

and then we have 

We associate the brane configuration X = [Xp u ) • • • (Xp Un ) with the global monodromy 
K, and then we call X the brane configuration of X^. We put X = Xp ui ■ ■ -Xp un = 

x bi,i.9i,i] ' • ' X [pi. mi ,9i, mi ] x bn,i,9n,i] " " • x K, mni9 n, mn ]- The junction lattice Z x of 
X is called junction lattice of X^ and denoted by L^. Note that the parenthesis have the es- 
sential meaning in the representation of brane configurations, namely X = [Xp ) • • • [Xp Un ) 
is a cnfluence of X — Xp, ■ ■ ■ Xp„ . 

We define a mapping v : W\ —> L k , J = [x lf yi; . . . ; t k ; . . . ;x n , y n ] h-> v (J) by 

^ (J) \Ql,li ■ ■ ■ i Ql,mi j • • • ) Qn,li • • • j Qn,m„ ) > 
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where 



if Ui G T, 



Qi,j 



Pi ' j I x K ■■■K \ Xi 

I ^ xl Pi ,7-1,9* ,7-1 - fv Pi,i,9i.i I 



(l<J<m,) ifu^T. 
for 1 < z < n. By a calculation we can show the following fact. 



(J1,J2) = (V{J 1 ),V(J 2 )). 



We put U Q = v(Ui). Let 



Wi — < Q — • • • , Ql,mii • • • i Qn,l; • • • > Qn,m n ) £ Z 



12A- 



Pi,; 



W = 0r=i and ^ = { J + I J e W}. 

Lemma 3.5 The quotient lattice L^/Uq is isomorphic to L^. 
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(1 < i < n) 



Proof. In Proposition |373| we take X^^p-X^^ = Xp u • • • Xp Un instead of 
X = X[p lj3l ] • • *X[p 12fe)5l2Jt ]. It is enough to show {7 = £/ by Propositioi 
ifi = K\p u ^ (1 < i < n), and put Z = Y^k=i mk + Then we obtain 



By Lemma |37i] and ( |TT| ) we obtain Q a = v(J a ). Similarly we can show Qb = t> (</&). By 
U = (Q a , Q b ) and Uq = (v ( J a ) , v (J 6 )>, we have U = U Q . Q.E.D. 



Lemma 3.6 The quotient lattice V /Uq is isomorphic to V. 
Proof. By the definition of V and of W we have 

n 

1=1 
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On the other side we have Wi ~ T Uj (1 < i < n) by Table [I] and Table 0. Therefore we 
have V/U ~ V. Q.E.D. 

Consider the lattice embedding 

i K : V/U L fc /E/o. (18) 

Theorem 3.1 The lattice embedding ix '■ V/Uq •— > L^/Uq is equivalent to the lattice 
embedding 2y : V ■=— > that is, the following diagram commutes. 

i K :V/U L fc /t7o 



Proof. There exists a topological elliptic surface such that the brane configuration 
is X = X Fui ■ ■ ■ Xp Un - We denote of X& by L' fc . By definition Lk is the junction lattice 
of Xk and C/q is t ne nuu junction Z-module of X^. Let /i : — > L' k be the class mapping 
and put h(V) = V. By Lemma |3.3| , Lemma |3J)| and Lemma |3l], «x is equivalent to the 



lattice embedding i : V <^-> L^. On the other hand, because there exists a topological 
deformation from to X^, i is equivalent to iy. Q.E.D. 

Let V^" 1 be the orthogonal complement of V in L^. 
Lemma 3.7 The mapping v : Wi — > V 1 - is isomorphic. 

Proof. By (|TB|) we have v (Wi) C V" 1 . Let Q = . . . , . . . ; Q n>1 , . . . , Q„, m „) 

be an element of V^. In the same way as the proof of Lemma |3.3| we can show that Q 
satisfies the condition (|17D . Hence we have v (Wi) = V x . 

We define the mapping v' : V ± -> Wi, Q = {Qi,i, Qi,mi, ■■■] Qn,i, Qn,m n ) >-> v' (Q) 
by 

(mi m n 
i=i i=i 
We have v' o v = idy/ 1 and v o v' — id v ± by (^) and (|7|). We have thus proved the lemma. 



20 



4 Torsion part of Mordell-Weil group, Mor dell- Weil 
lattice, and transcendental lattice 

4.1 Junctions and homologies 

In this section we explain the relation between tadpole junction, rational tadpole junction 
and homology. 

First we describe the relation between a tadpole junction and homology. 

Theorem 4.1 Let W\ be the tadpole junction lattice of and U\ the null tadpole 
junction Z-module of X k . Then the quotient lattice W\jU\ is isomorphic to V x . 

Proof. By Lemma |3.3| , it is enough to show that the mapping h is surjective . We can 
define the mapping u = ho v^ 1 : V 1 - — > V 1 - by Lemma |377]. It is clear that u conserve the 
intersection number. Because Ker u = Uq, we have V ± /Uo ~ u yV x \ On the other side, 

by the meaning of Uq and Theorem 571 , we have V 1 - /Uq ~ (v /Uq^ ~ V L . Therefore 
we see that u is surjective. It follows from this that h is surjective immediately. Q.E.D. 

The following corollary follows from the theorem proved above and Theorem 3. 

Corollary 4.1 The transcendental lattice of extremal elliptic K3 surfaces is isomorphic 
to the quotient lattice W\jU\. 

In the following we describe the relation between a rational tadpole junction and homology. 

Lemma 4.1 The quotient lattice W2/U1 is isomorphic to Lk/V : 

W 2 /U 1 ~ L k /V. (19) 

Proof. Let the mapping w : L k -> W 2 , Q = (Qi,i, • • • , Qi, mi ; ■ ■ ■ ] Qn,i, • • • , Qn,m n ) ^ 
w (Q) defined by 



mi 



W 



j=l 3=1 
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and the mapping w : Lk/Uo — > W2/U1 denned by J + C/q l— * w (J) + Let the mapping 
v : W 2 jU x -> (L fc (g) Q)/C/ = (ifc/C/o) Q defined by J + U l i-> v ( J) + Z7 l5 where £ is 
defined by the same formula fll?D for v. Let p = v o W : Lk/Uo — > (Lk/Uo) ® Q- Then 



we see that p is the orthogonal projection to the direction of (V /Uq) . By Theorem 3J. 



we have p(L)-/Uq) ~ Lk/V. On the other hand we have Wz/Ui ~ p(Lk/Uo) because 
w(Lk/Uo) = (W2/U1) and : W2/U1 — > u (W2/E/1) is isomorphic. Therefore we obtain 
(0). Q.E.D. 



Theorem 4.2 Let W2 be the rational tadpole junction lattice of Xk and C/2 the rational 
null junction Z-module of Xk- Then the quotient lattice W2/U2 is isomorphic to (V^)* . 

Proof. We know the following fact || : 

The theorem follows from taking the free part of (19|). Q.E.D. 
It follows from the theorem proved above and Theorem 2 

Corollary 4.2 The Mordell-Weil lattice of rational elliptic surfaces Xk is isomorphic to 
the opposite lattice of the quotient lattice W 2 /U 2 . 



The following theorem follows from taking the torsion part of (fOJ). 

Theorem 4.3 Let U\ be the null junction Z-module of Xk and U2 the rational null 
junction Z-module of Xk- Then U 2 /Ui is isomorphic to V/V. 

It follows from the theorem proved above and Theorem 1 



Corollary 4.3 The torsion part of Mordell-Weil group of elliptic surfaces is isomorphic 
to U 2 /U 1 . 
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4.2 Torsion part of Mordell-Weil group, Mordell-Weil lattice, 
transcendental lattice 



In this section we explain how to calculate the torsion part of Mordell-Weil group of elliptic 
surfaces, the Mordell-Weil lattice of rational elliptic surfaces, and the transcendental 
lattice and the Mordell-Weil group of extremal elliptic K3 surfaces from the given data 
of global monodromy. 

First we describe the method to calculate the torsion part of Mordell-Weil group of elliptic 
surfaces from the given data of global monodromy. 

Theorem 4.4 The torsion part of Mordell-Weil group of elliptic surfaces is isomorphic 
to Z/mZ © Z/n 2 Z. 



The theorem follows from Lemma |3.1|, Lemma pO and Corollary fO, and the explicit 



algorythm to calculate the numbers rii, n 2 is already given in Section [372 



Next we describe the method to calculate the transcendental lattice of extremal elliptic 

K3 surfaces from the given data of global monodromy 

It is sufficient to get the basis of Wi/Ui by Corollary [0] and (H). 

1. Construction of the basis (Ji, J 2 , ■ ■ ■ , J1-2) of W\. 

We define the 2 x / matrix R such that the following equation is equivalent to the 
equation (H). 



R 1 ; l/li ■ ■ • ) tij ■ ■ ■ 1 -Eni Un) 



By using the elementary divisor theory we can have a 2 x 2 unimodular matrix H 
and a. I x I unimodular matrix G = (gi, . . . , g{) such that 

Aix ••• 
HRG -[0 U2 ... 

Then the basis are obtained as 

Jl — t 93, -h = #4, - - - , J1-2 = t Qi- 
2. Construction of the basis ( J a , Jb) of U\. 



This is given in Lemma 3.1 
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3. Construction of the basis of W\/U\. 
Let 

( Ji\ 

D = : 

\J1-2J 



O 



Then there exists a unique 2 x (7 — 2) matrix L such that 

LD = O. 

Because the embedding U\ C W\ is primitive, by the elementary divisor theory, 
there exists a 2 x 2 unimodular matrix P and a (I — 2) x (/ — 2) unimodular matrix 
Q such that 



PLQ 



Let the (I — 4) x I matrix 1/ 



V := 



1 ••• 
1 ••• 



/o 1 ••• o\ 



1 







\o ••• ij 



Then . . . , V1-4) is the basis of W\/U\. 



Finally we describe the method to calculate Mordell-Weil lattice of rational elliptic sur- 
faces from the given data of global monodromy. 



It is sufficient to get the basis of W2/U2 by Corollary (O] and (Q). 

1. Construction of the basis (J[, J' 2 , . . . , J[_ 2 ) of W^- 

We define the 2 x I matrix R' such that the following equation is equivalent to the 
equation (§). 



(^1) Vl'i ■ ■ ■ '1 ■ ■ ■ ; x ni Un) 



By using the elementary divisor theory we can have a 2 x 2 unimodular matrix H 1 
and a. I x I unimodular matrix G' — (g[, . . . , g[) such that 



H'R'G' 



u\ ■•• 
u' 2 ••• 
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Then we can take 



J\ — *#3> ^2 — 1 9ai ■ ■ ■ ■> J'1-2 — t 9i- 



2. Construction of the basis (J' a , J' b ) of U2 



This is given in Lemma 3.2 



3. Construction of the basis of W 2 /U2- 
Let 



D' 



( J[\ 



O' 



J'J' 



Then there exists a unique 2 x (/ — 2) matrix V such that 

L'D' = O'. 

Because the embedding £7 2 C W2 is primitive, by the elementary divisor theory, 
there exists a 2 x 2 unimodular matrix P' and a (I — 2) x (/ — 2) unimodular matrix 
Q' such that 



P'L'Q' 

Let the (I — 4) x I matrix V 



V':-- 



1 
1 



/o 1 
1 



\0 



o\ 



V 



Then (v[, . . . , f;_ 4 ) is the basis of W^/C^- 



Example 4.1 (Table | : No.34) 
X= (A 4 BC) (A 2 ) (A 2 )BC. 

'-((o 1 -?0-6 ^)-6 "i 1 ))- 

The Mordell-Weil group AfW = A^® 2 © Z/2Z is computed as follows : 
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I. 



R' = 



H' 



1 1 




i i 

-i i 

/i o 

1 







\0 



1 -1 




1 








1 







1 




1 





-1\ 

-1 







2. rii = 1, n 2 = 2. 



iV 



(2 


o\ 




/o 











1 


o\ 





2 







1 

















2 







-1 


1 














2 





-1 





1 








1 


1 




1 


1 








-2 





W 






\o 


-1 








1 


V 



5 



1 -1 

1 



J' a = (2, 0; 0; 0; -1; -1) , J' h = (-1, 1; -1; -1; 2; 1) 



3. 



L' 



0-1 -] 
-1 -1 2 



/- 


-1 





-1 


-A 







-1 


2 


l 










1 





V 


-1 





-1 


0/ 



v[ = (-1, 1, 0, 0, 1, 0) , v' 2 = (0, -1, -1, 0, 0, 1). 
For J' = (x[, y[; t' 2 ; t' 3 ; t' 4 ; t' 5 ), we have 

(J', J') = ~ t'l/2 - t'l/2 - t'l - t'l - x[tU + x[t' 5 - y[t' 2 - y[t' 3 - y[t\ - y[t' 5 
— t 1 2 t\ + t 1 2 t' § — t ' 3 t' \ + t ' 3 t '5 + 2t\t' '5. 



By using reduction theory, we have 

^=(3/2 -5/2) s (T -1/2) 

where < = ^ + ^ = (-1, 0; -1; 0; 1; 1) , v' b = -2v[ -v' 2 = (2, -1; 1; 0; -2; -1). 
Therefore we have MW ^ A*® 2 © Z/2Z. 
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Example 4.2 (Table | : No.61 (o)) 

X = (A 10 ) (Xf 0>1] ) (C 4 ) (Xf 3)1] )X [41iU] X [5il] . 



For J = [ti, * 2 ; t 3 ; * 4 ; * 5 ; t 6 ], we have 
(J, J) = - lOt? - 6^ - 4*^ - 2t\ -t 2 5 -tl + 60*1*2 + 40*1*3 + 20*i*4 + H0*i* 5 + 10*!*, 

- 24*2*3 - 36*2*4 - 246*2*5 - 30*2*6 - 16*3*4 - 120*3*5 - 16*3*6 - 16*4*5 

- 4* 4 *6 - 14*5*6. 



where v a = [0; -7; 37; -176; 23; -7], v b = [0; 0; -1; 4; 0; -4]. 
Ui = (J a , J b ), where J a = [0; -1; 5; -23; 3; -1], J 6 = [1; 10; -49; 225; -29; 5]. 
U 2 = (J' a , J' b ), where J' a = (0; -6; 20; -46; 3; -1), J' b = (5; 15; -48; 110; -7; 0). 
J' a = J*eU u JUUi: 2J' b = hJ a + J b eU u MW = Z/2Z. 

Example 4.3 (Table | : No.61 (&)) 



For J = [*i; * 2 ; * 3 ; * 4 ; *s; *e]> we have 
(J, J) = - lQt\ - U\ - 4*2 - 2*2 - *2 - tjj - 60*i*2 - 200*i*3 - 80*i*4 - 30*i* 5 + 10*i* 6 

- 24*2*3 - 12*2*4 - 12*2*5 + 12*2*6 ~ 8*3*4 - 28* 3 * 5 + 36*3*6 - 10*4*5 
+ 14*4* 6 + 4*5*6- 



where v a = [0; 3; -1; 0; 0; -2],v b = [0; 2; -3; 6; 0; 0]. 

U x = (J a , J b ), where J a = [0; 1; -1; 2; -1; -1], J b = [1; -9; 8; -15; 5; 1]. 

U 2 = (J' a , J' b ), where J' a = (10; -54; 32; -30; 5; 1), J' b = (-5; 24; -14; 13; -2; 0). 

J' a = J b eU u J' b iu u 2J' b = -j a -j b eU u Miy = z/2Z. 




(transcendental lattice) , 



X = (A 10 ) (B 6 )(Xf 4i _ 5] )(Xf 3i _ 4] )X [ i,_ 3 ]C. 




(transcendental lattice) , 
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Remark 4.1 Let X\ be the extremal semi-stable elliptic K3 surface of Example [4.2| and 
X 2 be the one of Example |4.3| . Then the triplet (v, V- 1 -, V/v\ of X\ coincides with the 
one of X2, however the embeddings iy of these surface are not equivalent. The difference 
of these embeddings can be seen by looking at the structure of sections. 
Let X be an extremal semi-stable elliptic K3 surface which have I ni , . . . , I m type fibres, 
and ijj be the homomorphism from MW(X) to Z/niZ x • • • x Z/uqZ given in [OH, i.e., 
■0 (s) = (d, . . . , a 6 ), where a, specify the irreducible component that the section s inter- 
sects the corresponding singular fibre. Let si be the generator of MW(Xi), and then we 
have = (5,3,0,0,0,0) 0(0]. We can consider that J' b = (5; 15; -48; 110; -7; 0) 

corresponds to S\ at this case. In fact we have J' b = ip m °d (10, 6, 4, 2, 1, 1). Similarly 
for the surface of X 2 , the generator of MW(X 2 ) s 2 satisfy ip (s 2 ) = (5,0,2,1,0,0) and 
J' b = (-5; 24; -14; 13; -2; 0). Then we also have J' b = ip (s x ) mod (10, 6, 4, 2, 1, 1). 

5 The global monodromies of rational elliptic sur- 
faces and of extremal elliptic K3 surfaces 

5.1 Some working hypothesises for classifications of global mon- 
odromies 

In this section we discuss the global monodromies K = (K\, . . . , K n ) of elliptic surfaces. 
Let 

Mi = {K I K satifies the condition (a) } , M 2 = {K | K satifies the condition (b) } , 

where the conditions (a), (b) are as follows : 

(a) There exists a complex elliptic surface such that the global monodromy is K and 
the Euler number is 12k. 

(b) There exists a topological elliptic surface such that the global monodromy is K and 
the Euler number is 12k. 
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Let 



E 1 = {iy : V ^ L k \ i v satifies the condition (i)} , 
E 2 = {iy : V <^-> L k | i v satifies the condition (ii)} , 

where the conditions (i), (ii) is as follows : 

(i) There exists a complex elliptic surface which realize the embedding iy. 

(ii) There exists a topological elliptic surface which realize the embedding iy. 
Let the mapping F : M 2 — > E 2 defined by K i— > : V Lfc. 

We define the following three kinds of operations I, II, III acting on monodromy data 
K = (K 1 ,...,K n )eM. 

I. The elementary transformation : 
Ri-.K\ — >Ri(K) (l<i<ra-l). 

II. The action of P G SX (2, Z) : 

X i — >K'= (K[, K' n ), where K[ = PKiP' 1 (l<i<n). 

HI. K^K' ={K[ ) ... ) K' n+l ). 

(ifi, . . . , iQ_i, K c K A h , K i+1 , ... , K n ) i — > (if 1; . . . , Ki_ 1: K A h , K c , K i+1 , ... , K n ) , 
where h — 2, 3, 4. 

If if transfer to if by a finite sequence of the operations I, II, III and of the inverse 
operations of them, then we denote if ps if. It is easy to see that F (if) = F (if) if 
if if'. We anticipate that the converse is true. 

Hypothesis 1. 

(Hi) Let if, if be the elements of M 2 . Then we have if ps if if F (X) = F (if). 
Let 

M 2 = {if | if satifies the condition (d) } C M 2 , 
where the condition (c) is as follows : 
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(c) there exists a topological elliptic surface such that the global monodromy is K and 
the Euler number is 12k, and which has no singular fibre of type II, III, IV. 

It follows from Hypothesis 1. immediately. 

Hypothesis 2. (H 2 ) The mapping F\m 2 '■ M 2 — >■ E2 is bijective. 
Hypothesis 3. (H 3 ) The mapping F\m 1 <t\M2 : ^ ^2 — > ^ s surjective. 
Let 

m = Mi n m 2 , m' = /' : i /•;, ) n m 2 . 

We assume Hypothesis 1. and Hypothesis 2.. 

We discuss the classification of K G Mi. It follows from (H 2 ) and (H 3 ) that the 
mapping F| M : M — ► ^ is a bijection. On the other hand we see that the mapping 
F\m> '■ M' — > i?i is a bijection by (H 2 ). Therefore, under (H 2 ) and (H 3 ), we conclude 

M = M'. (20) 

Let V be the direct sum of some root lattices of type A,D,E. 
Let 

D = {V I V satisfies the condition (hi)} , 

where 

(iii) there exists a complex elliptic surface such that the trivial lattice is V © U'. 
For V G D, we define the equation e v as follows : 

e v : K n ■ ■ ■ K x = I, 

where each Ki is conjugate to the local monodromy matrix of the singular fibre of type 
h, I*, II*, III*, IV* corresponding to the lattice V. By the definition of M', we have 

M' = {K = (K u . . . , K n ) I K is a solution of e v , V G D} . 
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Let 

R = {(V, V 1 , V/V) | (V, V 1 , V/V) satifies the condition (iv)| , 

where 

(iv) there exists a complex elliptic surface which realize (V, V- 1 , V/V). 

In the case of rational elliptic surafaces (k = 1) and of extremal elliptic K3 surfaces (spe- 
cial case of k = 2) R is Oguiso-Shioda's table and Shimada-Zhang's table respectively. 
Our problem is to obtain the list of global monodromies which reproduce Oguiso-Shioda's 
table and Shimada-Zhang's table. 

5.2 A classification table 

For the problem raised at the end of previous subsction, we obtained a (tentative) result, 
which is summerized in Table ^ and Table |4j 

The problem is to find the configuration which reproduce the Oguiso-Shioda's table and 
Shimada-Zhang's table. Let us explain how we solved this problem. 

Some of the configuratons are obatined simply by the confluence process of known solu- 
tions A 8 BCBC and A 8 BCBCA 8 BCBC (Table |, No.l - 8 etc). To obtain the other 
configurations we use the elementary transformations. For example, the configuration of 
No. 34 in Table 3, the transformation is given as follows : 

A 8 BCBC ~ A 4 A 3 ABCBC ~ A 4 A 3 BX [0jl] CBC ~ A 4 A 3 BCABC ~ A 4 A 2 BCA 2 BC 
~ A 4 BCA 2 A 2 BC 

We obtained almost all the configurations in the tables by this method. For each con- 
figuration, we have calculated the pair (V- 1 , V/V) by the method of section 4.2. For the 
cases such as the case No. 18 in Table [|, we need to find the configuration corresponding 
for each data of (V^, V/V). In these cases, one of the configurations is sometimes hard 
to obtain and we need a lot of try and error. The systematic method of the caluclation 
of the data {V^, V/V) was useful to complete this procedure. 
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In the following we consider the meanings of Table [| and of Table |j. under the above 

hypothesises. 

Let 



Si = {K | K appears in Table ||} , S 2 = {K \ K appears in Table |].} . 
First we consider the case of rational elliptic surfaces. We assume (H 2 ). One can show 



that (H 3 ) is true in this case |TI|. On the other hand it is known that the classification of 
i : V <^-> L\ G E\ coincide with the classification of (V, V- 1 , V/V) G R\ (= Oguiso-shioda' 



table) ||. Hence we have M' = S\. Therefore, by (p0|), under (H 2 ) we conclude 

M = Sl 

In the following we consider the case of extremal elliptic K3 surfaces. We assume 
(H 2 ). In this case there are no possibility of the difference between M and Mi except 



for No. 297 Hence we see that (H3) is true except for No. 297. Therefore we have 

Mi = M' except for No. 297. On the other hand it turns out that the classification of 
(V,V ± ,V /V) G Ri is slightly diffrent from the classification of i : V L 2 G E\. See 
Remark 14.11. 



Assumption. (A) There are no difference between the classification of (V, V- 1 , V/V) G 
Ri and the one of % : V > L 2 G E\ except for No. 61. 

Under (H 2 ) and (A) we conclude 

Mi = S 2 except forNo.297 and No.61. 

In the Table 4 the data (a, b, c) in the last columun repesent the transcidental lattice, 
namely 

matrix... 

The trivial lattice V is recovered from the brane configurations by the following rule: 

(X")- > A„_i 
The numbering is the same as that of Simada-Zhang. 
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Table 3: Global monodromies of rational elliptic surfaces 



AT 

No. 


r 


T T 

V 


ill 1 

global monodromy 


71 /TT T T 

MW 


1 


8 





A 8 BCBC 


E$ 


2 


7 


M 


(A 2 )A b BCBC 


Ej 


3 


6 


A 2 


(A 3 )A 5 BCBC 


El 


4 




A ffi9 

Ai 


/ A O \ O A A ~l — k V — 4 -M— » > — 4 

(A 2 ) 2 A 4 BCBC 


Dl 


5 


5 


A 3 


/ A A \ A A T — V S~"A "I — * 

(A 4 )A 4 BCBC 


D% 


6 




A 2 © A l 


/ A Q\ / A 0\ A Q-n /-iT» v-~4 

(A 3 )(A 2 )A 3 BCBC 


A% 


7 






(A 2 ) 3 A 2 BCBC 


D* A © A\ 


8 


4 


A 4 


(A 5 )A 3 BCBC 


Al 


9 




D 4 


(A 4 BC)A 4 BC 


Dl 


10 




A 3 © A x 


/A/1\/aO\ A O -M— » > — 4 I — » s — * 

(A 4 )(A 2 )A 2 BCBC 


4* £Pt 4* 


11 




A 2 ® 2 


(A 3 ) 2 A 2 BCBC 




12 




A 2 © Ax® 2 


(A 3 )(A 2 ) 2 ABCBC 


A(12) 


13 




Ax® 4 


(A 2 ) 4 BCBC 


D* 4 © Z/2Z 


14 






(A 2 ) 4 AX [2 ,_ 1] X [1 ,_ 2] C 




15 


3 


A 5 


/ A f\\ A O T — V S~"A "I — ^ 

(A b )A 2 BCBC 


A * £D 4 * 


16 




D 5 


(A 5 BC)A 3 BC 


A5 


17 




A 4 © A x 


(A 5 )(A 2 )ABCBC 


A(i7) 


18 




D A © Ai 


(A 4 BC)(A i )A 2 BC 




19 




A 3 © A 2 


(A 4 )(A 3 )ABCBC 


A 

A(19) 


20 




A 2 ® 2 © Ai 


(A 3 ) 2 (A 2 )BCBC 


^2© (1/6) 


21 




A 3 © Ai® 2 


(A 4 )(A 2 ) 2 BCBC 


A\ © Z/2Z 


22 




A ^ A ff)2 

A 3 © Ai® 2 


(A 4 )(A 2 ) 2 AX [2i _ 1] X [1i _ 2] C 


A*® 2 © (1/4) 


23 




A 2 © Ai® J 


(A 3 )(A 2 ) 3 X [2i _ 1] X [1> _ 2] C 


A\ © A (23 ) 


24 




Ai® 5 


(A 2 ) 2 (B 2 ) 2 (Xf 0jll )X 2 2ill 


A^® 3 © Z/2Z 


25 


2 


A 


(A 7 )ABCBC 


A( 25 ) 


26 




D 6 


(A 6 BC)A 2 BC 




27 






(A 5 BC 2 )X [3 , 1] A 3 


A* 


28 




A 5 © Ai 


(A 6 )(A 2 )BCBC 


A^ © Z/2Z 


29 




A 5 © Ai 


(A 6 )(A 2 )AX [2 ,_ 1] X [1 ,_ 2] C 


A* © (1/6) 


30 




D 5 © Ai 


(A 5 BC)(A 2 )ABC 


A* © (1/4) 
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No. 


r 


V 


global monodromy 


MW 


31 


2 


A 4 © A 2 


(A 5 )(A 3 )BCBC 


A( 3 1) 


32 




£> 4 © A 2 


(A 4 BC)(A 3 )ABC 


A(23) 


33 




A 4 © Ai® 2 


(A 5 )(A 2 ) 2 X [2i _ 1] X [1i _ 2] C 


A( 33 ) 


34 




7 , mo 

D 4 © Ai® 2 


(A 4 BC)(A 2 ) 2 BC 


A];® 2 © Z/2Z 


35 




A 3 © A 3 


(A 4 ) 2 BCBC 


A^ e © Z/2Z 


36 




A 3 © A 3 


/A/I\Oa"«7- ✓ — -4 

(A 4 ) 2 AX[ 2i _ 1] X [lj _ 2 ]C 


(1/4) 


37 




A 3 © A 2 © A 1 


(A 4 )(A 3 )(B 2 )X [li _3]CA 


A* © (1/12) 


38 




A ^ A 

A 3 © A^ 


(A 4 )(A 2 )(B 2 )(X 2 01] )BC 


Aj © (1/4) © Z/2Z 


39 




^2 


(A 3 ) 3 X [2l -i]X [ i_ 2] C 


A\ © Z/3Z 


40 




* mo ^ /i £B2 

A 2 W2 © Ai® 2 


(A 3 ) 2 (B 2 )(X 2 01] )BC 


(l/6) w 


41 




A 2 © Al® 4 


(A 3 )(B 2 )(X 2 0jl] )(B 2 )(X 2 0il] )A 


A (23) © Z/2Z 


42 






/ a 9\ 9 /t-* 9 \ 9 /-*7-9 \ / -TT- 9 \ 

(A 2 ) 2 (B 2 ) 2 (X 2 0il] )(X 2 2jl] ) 


Af 52 © (Z/2Z) 2 


43 


1 


£ 7 


/ A ft -1 — S — A Q \ IT A O 

(A 6 BC 2 )X [3 ,i]A 2 


AJ 


44 




A 7 


(A 8 )BCBC 


Ai © Z/2Z 


45 




A 7 


(A 8 )AX [2) _ 1] X [1 ,_ 2] C 


(1/8) 


46 




D 7 


(A 7 BC)ABC 


(1/4) 


47 




A 6 ®A 1 


(A 7 )(B 2 )X [1> _3]CA 


(1/14) 


48 




Dq®A x 


/ A ft "I— k aT~~< \ / A 9 \ T~» 

(A b BC)(A 2 )BC 


A^ © Z/2Z 


49 




E 6 ®A 1 


(A 2 )(A 5 BC 2 )X [3 ,i]A 


(1/6) 


50 




D 5 ®A 2 


/ A ^ "I— k aT~H \ / i Q \ -m— k f~~A 

(A 5 BC)(A 3 )BC 


(1/12) 


51 




A 5 © A 2 


(A 6 )(A 3 )X [2 ,_ 1] X [li _ 2] C 


A* © Z/3Z 


52 




T , mo 

D 5 © Ai® 2 


(A 5 BC)(B 2 )(X 2 0jl] )A 


(1/4) © Z/2Z 


53 




, 4 _ a mO 

A 5 © Ai 02 


(A 6 )(B 2 )(X 2 01] )BC 


(1/6) © Z/2Z 


54 




D 4 © A 3 


(A 4 BC)(A 4 )BC 


(1/4) ©Z/2Z 


55 




A 4 © A 3 


(A 5 )(A 4 )X [2 ,_ 1] X [1 ,_ 2] C 


(1/20) 


56 




A 4 © A 2 © A 1 


(A 5 )(A 3 )(B 2 )X [1 ,_ 3] C 


(1/30) 


57 




D A © A 1 (B3 


(A 4 BC)(A 2 )(B 2 )(X 2 0jl] ) 


A\ © (Z/2Z) 2 


58 




A 3 ® 2 © Ax 


(A 4 ) 2 (B 2 )X [1 ,_3]C 


Al © Z/4Z 


59 




A 3 © A 2 © A1® 2 


(A 4 )(B 3 )(X 2 0i1] )(X 2 2i1] )X [3i1] 


(1/12) ©Z/2Z 


60 




A 3 © A1® 4 


(A 4 )(B 2 )(X 2 0j1] )(B 2 )(X 2 0j1] ) 


(1/4) © (Z/2Z) 2 
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No. 


r 


V 


global monodromy 


MW 


61 




A 2 m © A 1 


(A 3 ) 2 (B 3 )(Xf l5 _ 2] )C 


(1/6) © Z/3Z 


62 





E 8 


(A 7 BC 2 )X [3 ,i]A 





63 




A 8 




Z/3Z 


64 




D 8 


(A 8 BC)BC 


Z/2Z 


65 






(A 2 )(A 6 BC 2 )X [3 ,i] 


Z/2Z 


66 




A 5 © A 2 © A 1 


(A 6 )(B 3 )(X 2 1> _ 2] )C 


Z/6Z 


67 




At 


(A 5 )(B 5 )X [2i _3]C 


Z/5Z 


68 




A 2 ^ 


(A 3 )(B 3 )(Xf 0jl] )(C 3 ) 


(Z/3Z) 2 


69 




Eq@A 2 


(A 3 )(A 5 BC 2 )X [3 ,i] 


Z/3Z 


70 




A 1 ®A 1 


(A 8 )(B 2 )X [l5 _3]C 


Z/4Z 


71 




D,®A^ 2 


(A 6 BC)(B 2 )(X 2 0jl] ) 


(Z/2Z) 2 


72 




D 5 ®A 3 


(A 5 BC)(B 4 )X [l5 _ 2] 


Z/4Z 


73 




D A ® 2 


(A 4 BC)(A 4 BC) 


(Z/2Z) 2 


74 




(A 3 © A,f 2 


(A 4 )(B 4 )(X 2 0ill )(X 2 2al ) 


Z/4Z©Z/2Z 



A 



(12) 



A(19) 

A( 25 ) 
A (33) 




A 



(17) 



10 



/ 3 1 -1 X 
1 7 3 
-13 7 



V 



/ 




A (31) = ^ 



2 1 
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Table 4: Global monodromies of extremal elliptic K3 surfaces 



1NO 


glODdl IIlOIlOQiOIIiy 


1V1 vv 




h 


c 


1 
1 


('A4UY4 UV4 Wv4 Wv4 \fr)4\ 
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n 
u 


A 
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z 
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1U 


n 
u 
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1U 


Q 
O 


fA 5 VX 5 UY 4 UY4 UY3 VR3\ 




fin 
uu 


n 

U 


fin 
uu 


A 


fA 6 VR 6 VY 6 UY 2 WY 2 WY 2 


7i /97 v 7, /R7 

La — za A La \j La 


o 
z 


n 

u 


fi 
u 


z. 

o 


fA 6 VX 6 UY 3 UY 3 UY 3 Vr 13 "! 
l A A A [1,2]A A [6^1]A A [4J]A A [3,5]A^ J 


7 IVJ v 7 /^7 

La Ola X La OLa 


u 


n 
u 


fi 
u 


fi 
u 


l A Jl^ n A [82,-99]A A [4,-5]J A [29 -37]^[5,-7] 


7 /R7 

La J M La 




n 
u 


fi 
u 


7 


fA 6 VR 6 VY 4 UY 4 UY 2 VP 2 ^ 


7 /97 v 7 /97 

Zj —La X Zj —La 


1 9 


n 
u 


1 9 


o 
o 


fAfiUY 6 UY 4 WY 3 vr^w 2 \ 


7 l(\7 

La/MLa 


u 


n 
u 


1 9 


Q 


fA 6 VX 6 UY 5 UY 5 1Y, ,Vr , 
I A J *A[0,1] J ^[2,11] J ^[1,2] J A [3,5]-*-[7,2] 




ou 


n 


^n 
ou 


1 n 

1U 


fA 6 UR 6 Vr 5 VY 3 UY 3 "i^r 


7 /^7 

La/ OLa 


u 


n 

U 


^n 
ou 


11 


( A H X [8,-5]H B H X [2,-3]H X [3,-7]) C 


La/ ZLa 


Iz 


n 
U 


on 

oil 


12 


( A ) ( X [0,l] ) ( X fl,2] ) ( C ) ( X [2,l] ) ( X [5,l] ) 


La/ ZLa 


24 


12 


36 


1 O 

Id 


1 A 7Wv7 \/v7 \v v V 
l A ) ( X [0,1]J V X [1,2] J A [13,24]^[19,34]-^[3,5] 


La/7 La 


2 


1 


4 


1 /I 

14 


/ * 7\/d7\/v3 \/v3 \/v2 \/v2 \ 

(AO (B ') (Xf 4 _ 5] ) (Xf 7 _ 9] ) (Xf 0)11 ) (Xf 2ill ) 


/C\\ 

(0) 


42 





42 


15 


( A )l X [3,5])l X [20,33])l C j X [7,4]X [6i i] 


(0) 


28 





28 


16 


(A 7 ) (B ') (Xf x _ 2] ) (Xf 0!l] )X [7)5] X [3il] 


(0) 


28 


7 


28 


17 


(A ) ( x f lj2l ) ( x f 5 , 9l ) (C 3 ) (Xf 311 ) (Xf 6)1] ) 


(o) 


50 


20 


50 


18. (1) 


(A 7 )(Xf> 3i _ 2l )(Xf 7i _ 5l )(B 4 )(Xf3^ 101 )C 


(0) 


10 





140 


(2) 


(A 7 )( x f 3 ,_ 11 )(B 5 )(Xj l oal )(Xf 1 , 2l )X [7 , 2] 


(0) 


20 





70 


19 


(A 7 )(X| i _ 11 )(X^_ 3l )(B 4 )(Xf 1 ,_ 2l )X [3 , 1] 


(0) 


24 


12 


76 


20 


(A 7 )( x f 5 , 9l )(C 4 )(Xf 8i5l )(Xf 5i3l )(Xf 7al ) 


(0) 


30 





84 


21 


(A 7 )(B6)(Xf 0>1] )(Xf li3] )(C 2 ) x [ n,2 ] 


Z/2Z 


12 


6 


24 


22 


(A 7 )(B 6 )(Xf 0>1] )(C 4 )(Xf 2il] )X [lll2] 


Z/2Z 


4 





84 


23. (1) 


(A 7 )(C 6 )(Xf 4i3l )(Xf 3al )(Xf 4al )X [38 , 5] 


(0) 


30 





42 


(2) 


(A 7 )( x f 6 ,_ 11 )(B 5 )(Xf 0ill )(Xf 2i3l )X [9 , 11] 


(0) 


18 


6 


72 
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No 


global monodromy 


MW 


a 


6 


c 


24 


(A 7 )(Xf 0il] )(Xf 5J] )(C 4 )X [7i2] X [20 ,3] 


(0) 


12 





70 


25 


(A 8 )(Xf oal )(Xf 17l )(Xf li5l )(Xf li3l )(C 2 ) 


Z/2Z x Z/4Z 


4 





4 


26. 


(1) 


(A 8 )(B 8 )(Xf oal )(C 3 )X [7 , 3] X [4!l] 


(0) 


24 





24 


(2) 


/ a 8\/v8 \/ri3Wv,1 W v 

(A 8 ) (X s 0il] ) (C 3 ) (Xf 5)3] )X [19)11] X [3) i] 


ry 1 c\rw 

Lj IL 


12 





12 


27 


(A 8 ) (X 8 2 _ 11 )(B 4 ) (Xf 5ill )X [39i7] X [29i5] 


r~r /on 

Z/8Z 


2 





4 


28 


^ * 8\/v4 \/v4 \/v4 \/d2\^v2 \ 
( A ) ( X [2,-ll ) ( X [5,-31 ) ( X f 8 ,-51 ) ( B ) ( X [3,ll ) 


L/2L x Z/4Z 


4 





8 


29 


(A 8 ) (B 4 ) (Xf 1; _ 2l ) (X 4 _ 51 ) (X 3 _ 3l ) C 


Z/4Z 


4 





24 


30 


(A 8 )(C 5 )(X 4 4i 3 1 )(X3 li8l )(Xf 3i2l )X [ 3, 1] 


(0) 


12 





120 


31 


(A 8 ) (B 5 ) (Xf 3j _ 4] ) (C 3 ) (Xf 2>1] ) (Xf 11>2] ) 


Z/2Z 


20 





24 


32 


(A 8 ) (B 6 ) (Xf 2 _ 3l ) (Xf 20 _ 311 )X [3 ,_ 5 ] C 


Z/2Z 


6 





24 


33 


(A 8 ) (Xf 011 ) (C 4 ) (Xf 15111 ) (Xf 7i5l ) (Xf 2ill ) 


Z/2Z x Z/2Z 


8 





12 


34 


(A 8 )(Xf 2j _ 11 )(B 4 )(C 3 )(Xf 10i7l )X [3 , 1] 


Z/2Z 


12 





24 


35 


(A 8 )(B 6 )(X^_ 5l )(X^_ 4l )(Xf oal )X [4il] 


Z/2Z 


2 





120 


36. 


(1) 


(A 8 )(Xf oal )(X[> 4i23l )(C 3 )X [8 , 5] X [7)2] 


(0) 


6 





120 


(2) 


( A 8 ) (Xf g _ ±] ) (Xf lg _ 2] ) (X 3 58 _ g] )X[ 5 _i] X[ 4 _ 3 ] 


(0) 


24 





30 


37 


(A 8 ) (X [19 _ 2] ) (X 3 9 ) (X 3 4 ^ ) (X [7 _ 2] )X [5 _ 3] 


(0) 


24 





42 


38 


(A 8 )(B 7 )(X 4 i _ 6l )(Xf 4j _ 5l )(Xf li _ 2l )C 


Z/2Z 


12 


4 


20 


39 


(A 8 )(B 7 )(X 4 i _ 6l )(X 3 4i _ 5l )X [1 ,_ 2] X [4 , 1] 


(0) 


4 





168 


40. (1) 


(A 8 )(B 7 )(X[' 4i _ 5l )(Xf lli _ 14l )X [2 ,_ 3] X [5 , 1] 


(0) 


2 





280 


(2) 


(A 8 )(B 7 )(C 5 )(X| 0i49] )X [27i22] X [3i2] 


(0) 


18 


4 


32 


41 


(A 8 )(X 7 i _ 1] )(B 6 )X [42 ,_ 53] X [11 ,_ 14] X [1 ,_ 2] 


(0) 


16 


4 


22 


42. 


(1) 


(A 9 )(B 9 )(X^ 11 )(Xf 2al )X [7 , 2] X [6 , 1] 


(0) 


18 





18 


(2) 


(A 9 ) (X 9 31] ) (Xf 134] ) (Xf 4)1] )X [40)7 ]X [7il] 


Z/3Z 


4 


2 


10 


43 


(A 9 )(X 4 i5l )(X 3 1U8l )(X 3 7ail )(C 3 )(Xf 6al ) 


Z/3Z 


12 





18 


44 


(A 9 )(B 5 )(Xf 3> _ 5l )(Xf 42j _ 711 )(Xf 0ill )X [7i2] 


(0) 


20 


10 


50 
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No 


global monodromy 


MW 


a 


b 


c 


45 


(A 9 )(X| .XXf, _ 4 ,)(Xf 5 _ 31 )(B 3 )C 


Z/3Z 


12 


3 


12 


46 


(A 9 )(Xf 011 )(C 4 )(Xf 32l )(Xf 74l )X [3 , 1] 


(0) 


6 





180 


47 


(A 9 )(B 6 )(X 3 11 )(C 3 )(Xf 52 ,)X f4 1] 

V / V /v IU,1|/ v / v [o,z|/ L^'-H 


Z/3Z 


6 





18 


48 


(A 9 )(B 6 )(Xf n .^(C^Xria 7lX [3 n 

V / V /V |0jl|/V / \yi L \ 


Z/3Z 


4 





18 


49 


(A 9 )(B 6 )(Xf n ^(X 2 91 )X [2 iiXhs 2i 


(0) 


18 





30 


50 


(A 9 )(B 7 )(X?, ..)(X? n 11 )(X2 ll )X [15 2l 

V /V /V |3,— 5|/V |0,1|/V 4,1 / l 10 i z J 


(0) 


18 





42 


51 


(A 9 )(B 7 )(X 4 11 )(C 2 )Xr 7 2 lXr 6 n 

V /V /V [0,1J/V / L'i z J l ) 1 ] 


(0) 


10 


4 


52 


52 


( A 9 ) fB 7 ) fXr*. t-ilXroiq 9771 Xrsq ine;lXr7 ql 


(0) 


18 


9 


22 


53 


(A 9 )(Xf 9 11 )(C 3 )(Xf 7 jXrg iiXria 2 i 

V / V 12, — 11/ V / V 1 7 ,51 7 I ' 1 ] L 10 ; Z J 


(0) 


18 





24 


54. (1) 


(A 10 )(B 10 )Xr 7 8l Xr 3 41 Xm 31 C 


(0) 


10 





10 


(2) 


(A 10 )(C 10 )Xfg alXfi3 nlX[4 3lXr 3 n 

V 7 \ 7 L'J L'J L'J L'J 


Z/5Z 


2 





2 


55 


(A 10 )(Xf 9 11 )(Xf c , ql )(B 3 )(X 2 ,,)C 

V / V 2, — 1/V 5, — 3| 7 V l\ 1 1, — 4| 7 


Z/2Z 


4 





60 


56 


(A 10 )(X? n J(C 3 )(X 3 Q11 )(X 2 , JfXfL,) 


Z/2Z 


6 


o 


60 


57 


v )\ s - > A ^-[19,-24] /V^ j ^[12,7] ^[7,2] 


Z/SZ 

Z_J / *J Z_J 


9 

Zj 


n 


1 

X w 


58 


fA 10 VB 5 VC 3 VX 2 VX 2 VX 2 1 


Z/2Z 


20 


1 

X w 


20 

Zj w 


59 


V A 7V [2,-l]/l JD A^ v [12,-19]/V^ v [l,-2]y^ v [4,l] 


7JT7, 


1 


n 


20 

Zj W 


60 


fA 10 VX? ,VX 3 ,VX? ,VC 2 lXr c11 

^ A- A -[0,1]A- A -[1,3]A- A -[5,13]A^ ^[5,1] 


Z/2Z 


12 


6 


18 

X O 


61. 


(a) 


fAlOVY 6 VC 4 VX 2 ^Y Ml1 „Xrr,i 
l A A^[0,1]A^ / l^ V [3,l]/^ V [41,H]- ?s -[5,l] 


7 /9Z 


i n 


n 


1 9 

XZj 


(b) 


(A l9 )(B6)(Xf 4i _ 5] )(X 2 3i _ 4] ) X[1 ,_ 3] C 


Z/2Z 


10 





12 


62. 


(1) 


(A 10 )(C 6 )(Xf 13illl )X [3 2,2 7] X [4 , 3] X [3 , 1] 


(0) 


10 





30 


(2) 


(A 10 )(Xf 0il] )(C 5 )X [9 ,7 ] X [5!3] X [3il] 


Z/2Z 


10 


5 


10 


63 


(A 10 )(B 7 )(X 2 3 ,_ 4l )(X 2 7i _ l0l )(X 2 li _ 2l )C 


Z/2Z 


4 


2 


36 


64 


(A 10 ) (X 7 0il] ) (X 3 li6] ) (Xf 5i27] )X[n i 59]X[i ! 4] 


(0) 


10 





42 


65 


(A 10 )(X 7 il] )(C 4 )X [ 7,5]X [ 7,4]X [3 , 1] 


(0) 


2 





140 


66 


(A 10 ) (C 8 ) (X 3 8j71 )X [97i8 4]X[ 37i3 2]X[ 6i5] 


(0) 


10 





24 



Table 4: Global monodromies of extremal elliptic K3 surfaces 



No 


global monodromy 


MW 


a 


b 


c 


67 


(A 10 )(B 9 )(C 2 )X[32 i i9]X[ 12i 7]X[3 i i] 


(0) 


10 





18 


68 


(A 11 )(B 4 )(Xf li _ 3l )(Xf 3i _ 101 )X [1 ,_ 5] C 


(0) 


24 


12 


28 


69 


(A 11 )(B 4 )(Xf 5 „ 7] )(Xf 2 _ 3] )(C 2 )X [3il] 


(0) 


12 





66 


70 


(A n )(B 5 )(Xf 15 191 )X [2 _3]X [2i i ] X [ ii )2] 

\ / \ / \ 1 J_ o , — lyj/ L ' J L J J L'J 


(0) 


10 


5 


30 


71. 


(1) 


(A 11 ) (B 5 ) (XL „ Q1 ) (C 3 )X [17 12l Xr 8 51 


(0) 


6 


3 


84 


(2) 


(A n )(B 5 )(X 3 3 ,)(Xf 3 5l )X[i,-3]C 


(0) 


24 


9 


24 


72 


(A n )(B 5 )(Xf 13l )(Xf 25l )(C 2 )X [19 , 2] 


(0) 


2 





330 


73. 


(1) 


(A 11 ) (C 5 ) fX r/i Ql ) (X?o Q i)Xrq 2lXr« ii 


(0) 


20 





22 


(2) 


(A 11 )(B 5 )(C 4 )(X 2 3 21 )X [2 o,ii]X [ 3,i ] 

\ / \ / \ / \ 1 o.^l / L'J L'J 


(0) 


12 


4 


38 


74. 


(1) 


(A n )(Xf n 11 )(C 3 )(X 2 11 )X [5 uX™ 21 


(0) 


6 





66 


(2) 


(A n )(B 6 )(X 3 nl )(X 2 161 )X [2 ,_3]C 


(0) 


18 


6 


24 


75. 


(1) 


(A 11 ) (Xf n (C 4 )Xfn aiXf5 3]Xf3 ii 

v ' > 1 U. X I / ^ ' L'J L'J L ' J 


(0) 


4 





66 


(2) 


(A 11 )(Xf l7 2] )(Xi i])X [2 -l]X[i _2]X[ 73 ] 

L'J J L 'J 


(0) 


12 





22 


76 


(A 11 )(B 7 )(X 2 li _ 2] )(C 2 )X [ 2o, 1 i]X [3 , 1] 


(0) 


12 


2 


26 


77. 


(1) 


(A 11 )(Xf li _ 2l )(Xf 6i _ 13l )X [ 2,_ 5 ]X [1 ,_ 5] C 


(0) 


4 


1 


58 


(2) 


(A 11 )(X[ 0i1] )(X 3 1i6] )X[i i 4]X[3 i 2]X [3i i] 


(0) 


16 


5 


16 


78. 


(1) 


(A 11 )(Xf 3al )(X 2 4al )X [57 , 11] X [16 , 3] X [7)1] 


(0) 


2 





88 


(2) 


(A 11 )(Xf 0il] )(X 2 6il] )X[46,7]X[27,4]X [9> i ] 


(0) 


10 


2 


18 


79 


(A 11 )(C 9 )X[ 8 j]X[ 17>14 ]X[ 16il3 ]X[ 3i 2] 


(0) 


10 


1 


10 


80 


(A 12 )(Xf 3i _ 11 )(X 3 5i _ 2l )(B 3 )(X 2 oal )X [6 , 1] 


Z/3Z 


6 





12 


81 


(A 12 ) (X 3 4 _ ±] ) (X 3 2il] ) (X [3314] ) (X 2 12i5] ) (Xj^ ) 


Z/6Z 


2 





12 


82 


(A 12 ) (Xj^) (C 4 ) (X 2 7>5] )X[ 5> 3]X[ 3i i] 


Z/4Z 


4 





6 


83. 


(1) 


(A 12 )(X 4 01 | ) (X 3 13l ) (Xf 1)2l )X[ 3> i]X [6) i] 


Z/3Z 


4 





12 


(2) 


(A 12 )(X 4 i _ 11 )(B 3 )(X 3 i _ 3l )X [1 ,_ 5] C 


Z/6Z 


4 


2 


4 


84. (1) 


(A 42 )(X 4 al )(X 3 li3l )(X 2 3i7l )(C 2 )X [7)1] 


Z/4Z 


6 





6 


(2) 


(A 12 )(C 4 )(X 3 9 , 7l )(X 2 13aol )(X 2 3 , 2l )X [3il] 


Z/2Z 


12 12 



Table 4: Global monodromies of extremal elliptic K3 surfaces 



No 


global monodromy 


MW 


a 


b 


c 


85 


(A 12 )(B 5 )(Xf 3i _ 4l )(Xf 3i _ 5l )(Xf 0ill )X [5jl] 


Z/2Z 


6 





20 


86 


(A 12 )(C 5 )(Xf 5i4] )(Xf 3i2] )X [3 , 1] X [10il] 


(0) 


12 





30 


87. (1) 


(A 12 )(B 6 )(Xf 4i _ 5l )(X| i _ 3l )X [1 ,_3]C 


Z/2Z 


6 





12 


(2) 


(A 12 )(Xf 2>1] )(X 2 9i4] )(X 2 3il] )X [ 24,5]X[ 6i i ] 


Z/6Z 


2 





4 


88 


(A 12 )(X[ i 3il] )(Xj 4il] )X [ 23,5]X [ 26,5]X [ ii i 2] 


Z/3Z 


4 





6 


89 


(A 12 )(X[ 3 _ 1] )(X 2 7jl] )X[53j]X[ 61i8] X[i 7i 2] 


(0) 


4 





42 


90 


(A 13 )(X|_ 1] )(Xj ! 3jl] )(X 2 4jl] )(X 2 37i6] )X[i3 i 2] 


(0) 


12 


6 


42 


91 


(A 13 )(C 4 )(Xf 4i3] )(X 2 2il] )X [7il] X [10il] 


(0) 


6 





52 


92. (1) 


(A 13 )(B 5 )(C 2 )(X 2 3al )X [5 , 1] X [2 3, 2] 


(0) 


2 





130 


(2) 


(A 13 )(C 5 )(X 2 3 , 2l )(X 2 7i4l )X [5 , 2] X [4 , 1] 


(0) 


18 


8 


18 


93 


(A 13 )(B 5 )(C 3 )X [17 , 12] X [5 ,3 ] X [ 3, 1] 


(0) 


6 


3 


34 


94 


(A 13 )(B 6 )(C 2 )X [17 , 10] X [9 , 5] X [3 , 1] 


(0) 


10 


2 


16 


95 


(A 13 )(C 7 )X[ 6i 5]X[ 7)5 ]X[5 i 3]X[3 i1 ] 


(0) 


2 


1 


46 


96. (1) 


(A 14 )(C 3 )(X 3 2al )(X 2 9al )X [86 , 9] X [n ,i] 


(0) 


6 





42 


(2) 


(A 14 )(B 3 )(C 3 )(X 2 10i7l )X [5 , 3] X [3 , 1] 


Z/2Z 


6 


3 


12 


97 


(A 14 )(X 3 i5l )(X 2 2i9l )(X 2 li3l )(C 2 )X [13!l] 


Z/2Z 


2 





42 


98 


(A 14 )(B 4 )(X 2 2i _ 3l )(C 2 )X [9 , 5] X [3il] 


Z/2Z 


6 


2 


10 


99 


(A 14 ) (C 4 ) (X 3 2il] )X[2i i8 ]X[ lli 4]X[ 4) i] 


(0) 


4 





42 


100. (1) 


(A 14 )(C 5 )(X 2 17jl4 j)X[ 67j 55]X[5o i 4i]X[4 i3 ] 


(0) 


2 





70 


(2) 


(A 14 )(X| i _ 21 )(X 2 3i _ i1 )BX [9i 2]X [8j1] 


(0) 


8 


2 


18 


(3) 


(A 14 )(B 5 )(X 2 3i _ 4] )X [3 ,_ 5] X [1i _3]C 


Z/2Z 


2 


1 


18 


101 


(A 14 )(C 6 )X[5 i 4]X[5 i 3]X[ 5i 2]X[4 il ] 


(0) 


4 


2 


22 


102 


(A 15 )(X 3 0ill )(C 3 )X [7i4] X [5 ,2 ] X [ 4, 1] 


Z/3Z 


4 


1 


4 


103. (1) 


(A 15 )(X 3 0al )(C 2 )(X 2 7 , 2l )X [15 , 4] X [5il] 


(0) 


12 


6 


18 


(2) 


(A 4 ^)(X 3 3i _ 11 )(X 2 2i _ 11 )(C 2 )X [4 , 1] X [7 , 1] 


Z/3Z 


2 





10 


104 


(A 15 ) (Xj^j ) (C 2 )X[i3 i 5 ] X[ii i 4 ] X[4 i i ] 


(0) 


10 





12 



Table 4: Global monodromies of extremal elliptic K3 surfaces 



No 


global monodromy 


MW 


a 


b 


c 


105 


(A 15 )(C 5 )X[23 i i9]X[28,23]X[i 6i i3]X[ 3i 2] 


(0) 


10 


5 


10 


106 


(A 1 6)(B 2 )(C 2 )(Xf 3il] )X [5 , 1] X [1 3, 1] 


Z/4Z 


2 





4 


107. (1) 


(A 16 )(X3 al )(C 2 )X [7 , 2] X [6il] X [9)1] 


(0) 


10 


2 


10 


(2) 


(A 16 )(B 3 )(C 2 )X [19 , 11] X [9 , 5] X [3il] 


Z/2Z 


4 





6 


108 


(A 16 )(B 4 )X [5i _ 7] X [3 ,_ 5] X [1i _3]C 


Z/4Z 


2 





2 


109. (1) 


(A 17 )(C 2 )(X 2 3)11 )X[i9 i5 ]X[2i i 5]X [ 9 i 2] 


(0) 


2 





34 


(2) 


(A 17 ) (Xf 3)1] ) (Xf 21)5 ])X[ 9) 2]X[ 8> i]X[i 8) i] 


(0) 


4 


2 


18 


110 


(A 17 )(C 3 )X[i li8 ]X[io i7 ]X[5 )3 ]X[3 i i] 


(0) 


6 


3 


10 


111. (1) 


(A 18 )(X 2 4 _ 11 )X [17 _ 5] X[2_i]X[5 i 2]X[4 i i ] 


(0) 


4 


2 


10 


(2) 


(A 18 )(C 2 )X[ 8>5 ]X[ 7) 4]X[5 i 2]X[4 i i] 


Z/3Z 


2 





2 


112 


(A 19 )X [ 4,-l]X [ 5 i _2]X [ o,i]X [ 5 i 2]X[4,i] 


(0) 


2 


1 


10 


113 


(A 5 BC)(X^_ 5l X [l! _2]X [5 ,_ 8] )(Xf 1 ^ 2l )(X| i oal ) 


(0) 


20 





20 


114 


(A«BC)(X« i _ 61 )(B")(X* i _ 4 )X [5i _g| 


Z/2Z 


12 





12 


115 


(A 5 BC)(Xf 3i _ 2] )(Xf 7i _ 5] )(B 5 )X [7i _ 12] 


(0) 


20 





30 


116 


(A5BC)(B6)(Xf 3i _ 4l )(Xf 2i _3 1 )(X 2 3i _ 5l ) 


Z/2Z 


12 





20 


117 


(A 5 BC)(B 7 )(X 7 i _ 5l )(X 2 3> _ 4l )X [3 ,_5 ] 


(0) 


14 





28 


118 


(A^BC)(B 7 )(X^_ 5l )(Xf 2i _ 3l )(Xf 3i _ 5l ) 


(0) 


12 





84 


119 


(A 5 BC)(X 7 _ 2l )(Xf oal )(Xf 2i5l )(Xf 3i71 ) 


(0) 


20 





42 


120. (1) 


(A 5 BC)(B 7 )(Xf 9i _ nl )(X| 4i _ 5l )X [5 ,_ 7] 


(0) 


6 





84 


(2) 


(A 5 BC)(X 7 3i _ 2] )(B 6 )(Xf 14i _ 19] )X [8 ,_ n] 


(0) 


12 





42 


121 


(A 5 BC)(Xf 7i _ 4] X [2 ,_ 1] X [16 ,_ 9] )(B 8 )(X 2 5i _ 6] ) 


Z/4Z 


2 





8 


122 


(A5BC)(B 8 )(Xf 4i _ 5l )(Xf ni „ 14l )(X 2 3i _ 4l ) 


Z/4Z 


6 





8 


123 


(A^BC)(B 8 )(Xf 5 ,_ 6l )(X 2 2i _ 3l )(X 2 4i _ 7l ) 


Z/2Z 


8 





20 


124 


( A 5 BC) (Xf 5 _ 3 ]X[2 _i]X[i2 -7] ) (B 9 )X [5 _ 6] 


(0) 


8 


4 


20 


125. (1) 


( A 5 BC) (X 9 2i _ 4l ) (Xj^_ 41 ) (X 2 3i _ 2l )X [n ,_ 9] 


(0) 


2 





180 


(2) 


(A 5 BC)(X^_ 2l )(B 5 )(X 2 3i _ 5l )X [5 ,_ 9] 


(0) 


18 





20 



Table 4: Global monodromies of extremal elliptic K3 surfaces 



No 


global monodromy 


MW 


a 


6 


c 


126 


(A 5 BC)(Xf 3i _ 2] )(B 6 )X [5i _ 7] X [ 3,_ 5 ] 


(0) 


12 





18 


127 


( A 5 BC) (B 10 ) (Xf 7 _ 8 , ) (Xf 6 _ 71 )X [4 ,_ 5] 


(0) 


6 





60 


128 


(A 5 BC)(B 10 )(X 3 41 )(X 2 7l )(X 2 ) 


Z/2Z 


2 





60 


129 


(A 5 BC)(B 10 )(Xf 7 81 )(X 2 1 - 1 )X r5 _ 6 . 


Z/2Z 


8 


4 


12 


130 


(A 5 BC)(Xf 3 ° 21 )(B 5 )X [5 _ 81 X [4 _ 71 

v / v lo, — ZJ / v / L^' W J L^' 'J 


(0) 


10 





20 


131 


(A 5 BC)(Xf 1 11 )(Xf 18l )(Xf 17l )X [13l 


(0) 


14 


4 


20 


132 


(A 5 BC)(B 12 )(X 2 101 )(X? 7 81 )X [5 _ 61 


Z/4Z 


2 





6 


133 


(A 5 BC)(B 12 )(X 3 inl )X [7 _ 8l X [3 _ 4 i 


Z/2Z 


6 





6 


134. (1) 


(A 5 BC) (B 13 ) (X 2 nl )X [17 _ 191 X [7 _ 81 


(0) 


2 





52 


(2) 


(A 5 BC)(B 13 )(Xf 6i _ 7] )X [27! _ 32] X [4i _ 5] 


(0) 


6 


2 


18 


135 


(A 5 BC) (B 14 )X[i ,-n]X[6 ,-7]X[ 3 _ 4 ] 


(0) 


6 


2 


10 


136 


(A 6 BC)(B 6 X [0il] X [2i _ 1] )(Xf 0il] BX [li _ 3] ) 


Z/2Z x Z/2Z 


2 





2 


137 


(A 6 BC)(Xf li _ 2] X [li _ 3] B)(Xf li _ 3] )(Xf 0il] ) 


Z/2Z x Z/2Z 


4 





4 


138 


(A 6 BC)(B 5 )(Xf 3i _ 4] )(X 3 > _ 2] )(Xf li _ 3] ) 


(0) 


30 





30 


139 


(A 6 BC)(B 6 )(Xf 4i _ 5] )(X 2 lj _ 2] )(X 2 li _ 4] ) 


Z/2Z x Z/2Z 


6 





6 


140 


(A 6 BC)(Xf 2i _ 1] )(Xf 3i _ 2] )(B 4 )(X 2 li _ 3] ) 


Z/2Z x Z/2Z 


4 





12 


141 


(A 6 BC)(X| ! 7 _ 3l )(X[' 2 _ 11 )(B 4 )X [2i _ 5] 


Z/2Z 


4 





30 


142 


(A 6 BC)(B 7 )(X£, fil )Xr 3 _4iX [1 _ 3l 


(0) 


14 





14 


143 


(A 6 BC)(Xf 2i _ 1] )(Xf 5j _ 3] )(B 3 )X [2 ,_ 7] 


(0) 


6 





70 


144 


(A 6 BC)(X^_ 11 )(X 3 5 ,_ 31 )(B 3 )(X 2 1 ,_ 41 ) 


Z/2Z 


6 





24 


145 


(A 6 BC)(X^_ 11 )(B 4 )(X 3 i _ 14l )X [5 ,_ 8] 


Z/2Z 


4 





24 


146 


(A 6 BC)(Xf 2i _ 1] )(B 5 )(Xf 2j _ 3] )X [1) _ 3] 


Z/2Z 


6 


2 


14 


147 


(A 6 BC)(B 9 )(Xf li _ 2] )X [19 ,_43]X [2 ,_ 5] 


(0) 


4 


2 


46 


148. 


(1) 


(A 6 BC)(X[ 2 °_ 11 )(B 3 )(Xf 1> _ 3l )X [1 ,_ 5] 


Z/2Z 


6 





10 


(2) 


(A 6 BC)(B 10 )(X 3 > _ 2l )(X 2 li _ 3l )X [1 , 2] 


Z/2Z 


4 


2 


16 



Table 4: Global monodromies of extremal elliptic K3 surfaces 



No 


global monodromy 


MW 


a 


6 


c 


149 


(A 6 BC)(X; 2 _ 1] )(B 4 )X [3 ,_ 5] X [li _3] 


Z/2Z 


4 





10 


150 


(A«BC)(Xf 2 1 i _ 11 )(B3)X [1 ,_ 4] X [1 ,_ 7] 


(0) 


6 





22 


151 


(A 6 BC)(B 12 )(X^_ 2l )X [l5 _ 4] X [li2] 


Z/2Z 


4 





6 


152 


(A 6 BC)(B 13 )X[i -n]X[5 -6]X[ 2 _ 3 ] 


(0) 


4 


2 


14 


153 


(A 6 BC)(Xf 1> _ 3] X [ o, 1] X [2 ,_ 5] )(Xf 0>1] )(C 3 ) 


Z/2Z 


6 





12 


154 


(A 6 BC)(Xf li _ 2] X [0 , 1] X [2 ,_3])(Xf 0il] )X [1)2] 


Z/2Z 


4 





8 


155 


(A 7 BC)(B 7 X [1 ,_ 2] A)(Xf lj _ 2] )(Xf 0il] ) 


(0) 


12 





12 


156 


(A 7 BC)(Xf oal )(Xf 2i3l )(C 4 )(Xf 5i2l ) 


Z/4Z 


8 4 8 


157 


(A 7 BC)(Xf 0il] )(Xf 2i9] )(Xf M] )(Xf li2] ) 


(0) 


10 





60 


158 


(A 7 BC)(X 7 7> _ 3] )(Xf 2i _ 1] )(Xf 0il] )X [ 3,5] 


(0) 


8 


4 


44 


159 


(A 7 BC)(B 7 )(Xf 3i _ 4l )(Xf oal )X [8 , 5] 


(0) 


4 





70 


160 


(A 7 BC)(B 7 )(Xf 4i _ 5] )X [15i _ 19] X [l5 _ 2] 


(0) 


2 





84 


161 


(A 7 BC)(B«)(Xf 3i _ 4l )(X^_ 7l )(Xf oal ) 


Z/2Z 


4 





24 


162 


(A 7 BC)(Xf 3j _ 1] )(B 4 )(Xf lj _ 2] )X [1 ,_ 6] 


Z/4Z 


2 





8 


163 


(A 7 BC)(B 10 )(X^„ 4l )(Xf oal )X [7 , 4] 


Z/2Z 


4 





10 


164 


(A 7 BC)(B 10 )(Xf 8i _ 9] )X [6 ,_ 7] X [1 ,_ 2] 


(0) 


2 





60 


165 


(A 7 BC)(B 11 )(Xf 0il] )X [4 ,3 ] X [5i3] 


(0) 


4 





22 


166 


(A 7 BC) (B 12 )X[x _2]X[ 1)2 ]X[ 3j 2] 


Z/4Z 


2 


1 


2 


167 


(A 7 BC)(Xf 3i _ 2] BX [5 ,_ 3] )(B 6 )(X 2 0jl] ) 


Z/2Z 


4 





12 


168 


(A 7 BC)(Xf 2i _ 11 BX [3 ,_ 1] )(B 6 )X [1 ,_ 2] 


Z/2Z 


2 





12 


169 


(A 8 BC)(Xf oal CB)(C 2 )(X| al ) 


Z/2Z x Z/2Z 


2 





2 


170 


(A 8 BC)(Xf 0il] )(Xf lj2] )(C 3 )(Xf 3jl] ) 


Z/2Z 


12 





12 


171 


(A 8 BC)(B 6 )(Xf 4> _ 5] )X [lli _ 14] X [1 ,_ 2] 


Z/2Z 


6 





6 


172 


(A 8 BC)(Be)(Xf 4i _ 5] )(Xf 3i _ 4] )(X 2 0)1] ) 


Z/2Z x Z/2Z 


2 





12 


173 


(A 8 BC)(Xf 3i _ 2l )(B^)(X 2 0ill )X [7 , 3] 


Z/2Z 


2 





30 



Table 4: Global monodromies of extremal elliptic K3 surfaces 



No 


global monodromy 


MW 


a 


6 


c 


174 


(A«BC)(B^)(Xf 4) _ 5] )(Xf 7i _ 9] )X [1; _ 2] 


(0) 


12 


6 


24 


175 


(A«BC)(B«)(Xf 2i _ 3l )(Xf 0ill )X [8)3] 


Z/2Z 


2 





24 


176 


(A 8 BC)(B 10 )(Xf oal )X [7 , 6] X [3 , 2] 


Z/2Z 


2 





10 


177 


(A 8 BC)(Xf 3il] AX [5i2] )(Xf 5il] AX [9i2] ) 


Z/2Z 


4 





4 


178 


(A 8 BC)(B 6 X [0 , 1] X [2 ,_ 1 )(Xf 0ill )(C 2 ) 


Z/2Z x Z/2Z 


2 





4 


179 


(A 9 BC)(Xf 4il] X [5 , 1] X [3>1] )X [9 , 2] X [7 , 1] 


(0) 


4 





4 


180 


(A 9 BC)(B 5 )(Xf 7i _ 9] )(Xf 3i _ 4] )(Xf 0il] ) 


(0) 


12 





30 


181 


(A 9 BC)(B6)(Xj 4 ,_ 5l )(X^_ 9l )X [1 ,_ 2] 


Z/2Z 


4 





12 


182 


(A 9 BC)(B 6 )(Xf 2i _ 3] )X [5 ,_ 8] C 


(0) 


4 





30 


183 


(A 9 BC)(B^)(Xf 4i _ 5] )(Xf^ 4] )C 


(0) 


4 





42 


184 


(A 9 BC)(B 8 )(X^_ 71 )(X^_ 51 )X [1 ,_ 2] 


Z/2Z 


4 





8 


185 


(A 9 BC)(X 9 2i _ 1] )(Xf 3> _ 2] )X [5 ,_ 4] C 


(0) 


4 





18 


186 


(A 9 BC)(B 10 )X [2 -3]X[g -2o]X[i _ 3 ] 


(0) 


4 





10 


187 


(A 9 BC)(Xf 3i _ 2l BX [5 ,_ 3] )(B 5 )C 


(0) 


4 





20 


188 


(A 19 BC)(B 4 )(Xf 2i _ 3l )(Xf 3 ^ 5l )(X^ 11 ) 


Z/2Z x Z/2Z 


4 





4 


189 


(A 10 BC)(Xf 4i _ 1] )(B 5 )X [2 ,_3]X [3 , 2] 


(0) 


10 





10 


190 


(A 10 BC)(B 5 )(Xj 3 ,_ 4l )(X^_ 3l )C 


Z/2Z 


2 





20 


191 


(A 1 °BC)(Xf oal )(X^ 5l )(X^ 3l )(C 2 ) 


Z/2Z x Z/2Z 


4 


2 


4 


192 


(A 10 BC)(Xf 3i _ 2] )(B 4 )X [3 ,_ 7] C 


Z/2Z 


2 





12 


193 


(A»BC)(B')(Xj»^)X M C 


(0) 


2 





42 


194 


(A 10 BC)(B 9 )X [6i _ 7] X [2 ,_ 3 ]C 


(0) 


2 





18 


195 


(A 10 BC)(Xf 5> _ 1] X [4 ,_ 1] X [6i _ 1] )(B 3 )(Xf li _ 2] ) 


Z/2Z 


4 





6 


196 


(A 10 BC)(Xf 0>1] CB)(C 3 )X [3il] 


Z/2Z 


2 





6 


197 


(A 10 BC)(Xf 4i _ 11 AX [9 ,_ 2] )(Xf 7i _ 2l )X [2 ,_ 1] 


Z/2Z 


2 





4 


198 


(A 11 BC)(C 4 )(Xf 3j2l )(X| i3l )X [3 , 1] 


(0) 


12 





12 



Table 4: Global monodromies of extremal elliptic K3 surfaces 



No 


global monodromy 


MW 


a 


b 


c 


199 


(A 11 BC)(Xf 3i _ 1] )(B3)(Xf 0il] )X [7 , 2] 


(0) 


6 





20 


200 


(A 11 BC)(Xf 2j _ 1] )(B3)X [2 ,_ 5] C 


(0) 


6 





12 


201 


(A 11 BC)(B 7 )(X^_ 21 )X [2 ,_ 7] C 


(0) 


6 


2 


10 


202 


(A 12 BC)(Xf 3i _ 1] )(C 3 )(Xf 3i2] )(Xf 4il] ) 


Z/2Z 


6 





6 


203 


(A 12 BC)(Xf 2i _ 1] )(B 3 )(Xf lj _ 3] )C 


Z/2Z 


4 





6 


204 


(A 12 BC)(B 5 )(Xf 3 ,_ 4l )(Xf li _ 2l )C 


Z/2Z 


4 


2 


6 


205 


(A 12 BC)(B 5 X [2 ,_3]X [ o, 1] )(C 2 )X [3 , 1] 


Z/2Z 


2 





4 


206 


(A 12 BC)(B 6 X[ 3 -4]X[i -2])X[i _ 3 ]C 


Z/2Z 


2 





2 


207 


(A 13 BC)(B 5 )(C 2 )X [12i7] X [3i1] 


(0) 


2 





20 


208 


(A 13 BC)(B 6 )X [3 ,_4]X [1 ,_ 3 ]C 


(0) 


2 





12 


209 


(A 13 BC)(Xf 5il] AX [9i2] )X [13 , 2] X [8il] 


(0) 


4 





4 


210 


(A 14 BC)(X 3 10i _ 11 )(X 3 5i _ 11 )X [3 ,_ 1] X [2 ,_ 5] 


(0) 


6 





6 


211 


(A 14 BC)(B 3 )(X 2 li _ 2l )(C 2 )X [3il] 


Z/2Z 


2 





6 


212 


(A 14 BC)(B 4 )(Xf 2 ^ 3l )X [1 ,_ 3] C 


Z/2Z 


2 





4 


213 


(A"BC)(B 8 )X M X M X P>1] 


(0) 


4 


2 


6 


214 


(A 15 BC)(X 3 2i _ 1] )(B 2 )X [3 , 2] X [3 , 1] 


(0) 


4 





6 


215 


(A 16 BC)(B 2 )(C 2 )X [9i5] X [3i1] 


Z/2Z 


2 





2 


216 


(A 16 BC)(B 3 )X [3i _ 5] X [1 ,_ 3] C 


Z/2Z 


2 


1 


2 


217 


(A 17 BC)(X 2 3i _ 1] )BX [4 , 1] X [7 , 1] 


(0) 


2 





4 


218 


(A 18 BC)X[2,i]X [7i 2]X [9i 2]X [6i i] 


(0) 


2 





2 


219 


(A 5 BC 2 )(A 5 BC 2 )(A 5 BC 2 ) 


Z/3Z 


2 


1 


2 


220 


(A 5 BC 2 ) (X| )3] X[7 )4 ]X| )2] ) (X [21] ) (X [3jl] ) 


(0) 


12 





12 


221 


(A 5 BC 2 )(A 5 )(Xf 2j _ 1] )(B 4 )(X 2 lj _ 2] ) 


(0) 


20 





30 


222 


(A 5 BC 2 )(A 5 X [4 ,_ 1] X 2 2i _ 11 )(B 6 )(Xf 0>11 ) 


Z/3Z 


2 





6 


223 


(A 5 BC 2 )(A 6 )(B 6 )(X 3 9j _ nl )X [3i _ 4] 


Z/3Z 


6 





6 



Table 4: Global monodromies of extremal elliptic K3 surfaces 



No 


global monodromy 


MW 


a 


b 


c 


224 


(A5BC 2 )(A6)(Xf 3i _ 1] )(B3)(Xf lj _ 2] ) 


Z/3Z 


6 





12 


225 


(A^BC 2 )(Xf 8i 3 1 )(A^(Xf 2i _ 11 )X [ ^3 ] 


(0) 


12 





30 


226 


(A 5 BC 2 )(A 5 X [3 ,_ 1] B 2 )(X[ oal )X [li2] 


(0) 


6 


3 


12 


227. (1) 


(A 5 BC 2 )(A 7 )(Xf 9i _ 2l )(X^_ 11 )(Xf 2i _ 11 ) 


(0) 


6 





84 


(2) 


(A 5 BC 2 )(X[ 3ill )(A 4 )(Xf li _ 2l )(X 2 li _ 3l ) 


(0) 


12 





42 


228 


(A 5 BC 2 )(A 7 )(Xf 4i _ 11 )(B 2 )(X 2 li „ 3l ) 


(0) 


20 


10 


26 


229 


(A 5 BC 2 )(X 7 3ill )(A 5 )(Xf 9i _ 5l )X [5 ,_ 3] 


(0) 


18 


3 


18 


230 


(A^BC 2 )(X 7 al )(A6)(X 2 2i _ 11 )X [1 ,_ 2] 


(0) 


6 





42 


231 


(A 5 BC 2 )(A 8 )(Xf 2i _ 11 )(Xf 0ill )X [5J] 


(0) 


2 





120 


232 


(A^BC 2 )(AS)(Xf 5i _ 1] )X [3 ,- 1] X [1 ,_ 2] 


(0) 


6 





24 


233 


(A 5 BC 2 )(A 9 )(X^_ 11 )(X| i _ 11 )X [3 ,_ 1] 


Z/3Z 


6 


3 


6 


234 


(A 5 BC 2 )(A 9 )(Xf 2 ._ 11 )(X 2 3i _ 2l )(X 2 0ill ) 


Z/3Z 


2 





18 


235 


(A 5 BC 2 )(X 9 2al )(Xj 3Jl )(X 2 7 , 2l )X [5 , 1] 


(0) 


12 





18 


236 


(A 5 BC 2 )(X 9 3ill )(A 5 )X [3 ,_ 2] X [1 ,_ 2] 


(0) 


12 


3 


12 


237 


(A5 B C 2 )(A 1 °)(B3)(X 2 li _ 2l )X [1 , 2] 


(0) 


12 


6 


18 


238 


(A 5 BC 2 )(Xi 3 ° 11 )(A 4 )X [2 ,_ 3] X [1 ,_ 3] 


(0) 


10 





12 


239 


(A 5 BC 2 )(A 11 )(X 2 2i _ 11 )(X 2 0Jl )X [4 , 5] 


(0) 


2 





66 


240 


(A 5 BC 2 )(Xf 2 1 )1] )(X} ! 3)1] )X [11>3] X [5>1] 


(0) 


6 


3 


18 


241. 


(1) 


(A 5 BC 2 )(A 12 )(B 2 )X [1 ,_ 3] X [1 , 2] 


(0) 


6 





12 


(2) 


(A^BC 2 )(A 12 )(X 2 9 ,_ 11 )X [6 ,_ 1] X [3 ,_ 1] 


Z/3Z 


2 





4 


242 


(A 5 BC 2 )(A 13 )X [9 ,_ 1] X [2 ,_ 1] X [1 ,_ 2] 


(0) 


4 


1 


10 


243 


( A 5 BC 2 ) (Xf 1; _ 2] X [0)1] X [2 ,_ 3] ) (Xf 0il] ) (C 4 ) 


(0) 


12 





20 


244 


(A 5 BC 2 )(Xf 5il] AX [9i2] )(A 7 )(X 2 0jl] ) 


(0) 


2 





84 


245 


(A 5 BC 2 )(Xf 4>1] AX [7 , 2] )(A 8 )B 


(0) 


8 





12 


246 


(A 5 BC 2 )(A 5 X [0il] Xf 2ill )(A 6 BC) 


(0) 


6 





6 



Table 4: Global monodromies of extremal elliptic K3 surfaces 



No 


global monodromy 


MW 


a 


b 


c 


247 


(A5 B C 2 )(Xf 4il] AX [7 , 2] )(A5)(Xf 0il] ) 


(0) 


6 





30 


248 


(A5BC 2 )(Xf 3>1] AX [5 , 2] )(A7)X [2 ,_ 1] 


(0) 


4 


2 


22 


249 


(A 5 BC 2 )(X^ 11 X [4 , 1] X [2 , 1] )(A 5 )(B 2 ) 


(0) 


4 





30 


250 


(A 5 BC 2 )(A 7 BC)(Xf 0jl] AX [li _ 2] ) 


(0) 


4 





12 


251 


(A 5 BC 2 )(A 8 X [3 , 1] X [5 , 1] )(Xf 0il] )X [1 , 3] 


(0) 


8 2 8 


252 


(A 5 BC 2 )(A 9 X [2 , 1] X [4 , 1] )(Xf 2 ^ 11 )(B 2 ) 


(0) 


6 





12 


253 


(A 5 BC 2 )(Xf 3>1] X [1 o,3 ] X [4 , 1] )(A 4 )X [1 ,_ 2] 


(0) 


4 





12 


254 


(A 5 BC 2 )(A 11 BC)(X 2 oal )X [2 , 3] 


(0) 


2 





12 


255 


(A 5 BC 2 )(A 12 X [2i _ 1] X [0i1] )BX [1i2] 


(0) 


4 


2 


4 


256 


(A6BC 2 )(C 6 X [3 , 2] A 2 )(C 3 )(Xf 2il] ) 


(0) 


6 





6 


257 


( A 6 BC 2 ) ( A 6 CX 2 3jll ) (A 4 ) (C 2 ) 


Z/2Z 


2 





4 


258 


(A 6 BC 2 )(A 6 X [0il] X 2 2al )(A 5 )X [0>1] 


(0) 


4 


2 


6 


259 


(A6 B C 2 )(C 5 )(Xf 54l )(X 4 al )(X 2 12i5l ) 


Z/2Z 


4 





20 


260 


(A 6 BC 2 )(A 5 )(Xf 2i _ 1] )(B 3 )(X^ 1] ) 


(0) 


12 





30 


261 


(A 6 BC 2 )(Xf 8i3l )(Xf 3al )(A 4 )X [1 ,3 ] 


Z/2Z 


4 





12 


262 


(A 6 BC 2 )(Xf 2al )(X^ 2l )(Xf 3al )(X 2 5al ) 


Z/2Z 


6 





12 


263 


(A 6 BC 2 )(A 6 )(Xf 3i _ 11 )(X 2 0Jl )(X 2 2 , 3l ) 


Z/2Z 


8 2 8 


264 


(A 6 BC 2 )(X^ 3l )(Xf 2Jl )(Xf 3al )X [9 , 2] 


(0) 


6 





30 


265 


(A 6 BC 2 )(Xf 3il] )(Xf 7j2] )(A 3 )(X 2 2j3] ) 


(0) 


6 





42 


266 


(A6BC 2 )(Xf 3al )(A 4 )(Xf 4 ^ 5l )X [2 ,_3] 


(0) 


4 





42 


267. (1) 


(A 6 BC 2 )(X[ 2al )(X^ 3l )(X 2 3al )X [lll2] 


(0) 


2 





70 


(2) 


(A 6 BC 2 )(Xf 3il] )(A 5 )(B 2 )X [li2] 


(0) 


8 


2 


18 


268 


(A 6 BC 2 )(Xf 2>1] )(X|; 3>1] )X [10i 3 ] X [5il7] 


(0) 


4 


2 


22 


269 


(A 6 BC 2 )(Xf 2il] )(Xf 13i6] )(Xf 3jl] )X [18 , 5] 


(0) 


6 





24 


270 


(A 6 BC 2 )(Xf 2il] )(Xf 7i3] )(X 2 12)5] )(X 2 3jl] ) 


Z/2Z 


2 





24 



Table 4: Global monodromies of extremal elliptic K3 surfaces 



No 


global monodromy 


MW 


a 


b 


c 


271 


(A 6 BC 2 )(Xf 2ill )(Xf 3ill )(Xf 7i2l )X [5il] 


Z/2Z 


4 





8 


272 


(A6BC 2 )(Xf 7i4l )(Xf 9i5l )X [20ill] X [4il] 


(0) 


6 


2 


14 


273 


(A6BC 2 )(Xf3 al )(A3)(X 2 li2l )X [3 , 4] 


(0) 


6 





18 


274 


(A 6 BC 2 )(Xf 3il] )(A 4 )X [1 ,_ 2] X [1 , 2] 


(0) 


4 





18 


275 


(A 6 BC 2 )(A 10 )(X 2 7i _ 11 )(B 2 )X [1 ,_3 ] 


Z/2Z 


2 





10 


276. (1) 


(A 6 BC 2 )(Xi 3 11 )(A 3 )X [1 ,3 ] X [2 , 3] 


(0) 


6 





10 


(2) 


(A 6 BC 2 )(Xg 11 )(X| >11 )X [11 , 3] X [5 , 1] 


Z/2Z 


4 


1 


4 


277. (1) 


(A 6 BC 2 )(Xf 2 1 )1] )(X 2 3)1] )X [9i2] X [6il] 


(0) 


2 





22 


(2) 


( A 6 B C 2 ) (X^ ) (Xf 9)5] ) X[i 3) 7] X [4> i] 


(0) 


6 


2 


8 


278 


(A 6 BC 2 )(Xf 2 4] )X [16i9] X [lli6] X [4il] 


(0) 


4 





6 


279 


(A 6 BC 2 )(A 6 BC 2 )(A 4 BC) 


Z/2Z 


2 





2 


280 


( A 6 BC 2 ) (Xf 8i3] X [lli4] X M ) (Xf 3)1] ) (A 3 ) 


(0) 


6 





20 


281 


( A 6 BC 2 ) (Xf 5i3l X [7i4] X [3l2] ) (Xf 2al ) (X 2 3J1 ) 


Z/2Z 


2 





12 


282 


(A 6 BC 2 )(Xf 0ill AX [1 ,_ 2] )(C 7 )X [3 , 2] 


(0) 


6 


2 


10 


283 


( A 6 BC 2 ) (Xf 3i21 X [8i5] Xp,i] ) (Xf 2Jl ) (Xf 3al ) 


Z/2Z 


4 





6 


284 


(A 6 BC 2 )(C 6 X [2 , 1] X [ o, 1] )(Xf 3i2] )X [5 , 3] 


Z/2Z 


4 


2 


4 


285 


(A 6 BC 2 )(A 6 BC)(C 5 AX [li2] ) 


Z/2Z 


2 





4 


286 


(A 6 BC 2 )(C 7 X [2 , 1] X [0 , 1] )(Xj 4i3l )(X 2 3i2l ) 


Z/2Z 


4 





4 


287 


(A 6 BC 2 )(X 7 2ill X [3il] C)(Xf 3ill )X [7 , 2] 


(0) 


2 





20 


288 


(A6 B C 2 )(Xf 2al X [3 , 1] C)(Xf 3al )(X 2 4al ) 


Z/2Z 


2 





6 


289 


(A 6 BC 2 )(Xf 5i2] X [3 , 1] X [7 ,3 ] )(A 3 )X [li _ 3] 


(0) 


4 





6 


290 


(A 6 BC 2 )(A 10 X [2 , 1] X [4i1] )(C 2 )X [5i3] 


Z/2Z 


2 





2 


291 


(A 6 BC 2 )(A 11 X[ 2)1 ]X[ 4il ])X[ 0)1 ]X[ 3i2 ] 


(0) 


2 





4 


292 


(A 6 BC 2 )(Xf 3i2l X [5 , 3] C 2 )(Xf 3>11 )(X 3 0i3l ) 


(0) 


6 





12 


293 


(A 6 BC 2 )(A 5 X [3 ,_ 1] B 2 )(Xf 0jll )(C 2 ) 


(0) 


2 





30 



Table 4: Global monodromies of extremal elliptic K3 surfaces 



No 


global monodromy 


MW 


a 


b 


c 


294 


(A6BC 2 )(A5X [2 ,_ 1] Xf 0jl] )(C 6 )X [3 , 2] 


(0) 


6 





6 


295 


(A 6 BC 2 )(A 5 X [0 , 1] Xf 2al )(A 5 BC) 


(0) 


2 





12 


296 


(A 7 BC 2 )(C 7 X [5 , 4] Xf 3i2l )(Xf 3ill )(Xf 4ill ) 


(0) 


2 





2 


297. (a) 


(A 7 BC 2 )(A 7 BC 2 )(A 3 )C 


(0) 


2 


1 


2 


{0) 


(A 7 BC 2 )(A 7 BC 2 )(A 3 C) 


(0) 


2 


1 


2 


298 


(A 7 BC 2 )(A 4 )(Xj 2al )(Xf 5i2l )(Xf 8i3l ) 


(0) 


12 





12 


299 


(A 7 BC 2 )(A 5 )(Xf 2Jl )(X 2 5 , 2l )(X 2 lli4l ) 


(0) 


10 





10 


300 


(A 7 BC 2 )(A 5 )(C 4 )(Xf 2il] )(X 2 8i3] ) 


(0) 


6 





20 


301 


(A 7 BC 2 )(A 6 )(Xf 2i _ 11 )X [7 ,„ 4] X [0 , 1] 


(0) 


6 





6 


302 


(A 7 BC 2 )(Xf 5il] )(A 4 )(Xf 2il] )X [13i5] 


(0) 


6 





12 


303 


(A 7 BC 2 )(A 6 )(X[> oal )(X 2 2al )X [19i7] 


(0) 


2 





30 


304 


(A 7 BC 2 )(A 7 )(X 3 3i _ 11 )(Xf 2Jl )X [19 , 8] 


(0) 


6 


3 


12 


305 


(A 7 BC 2 )(A 7 )(Xf 0jll )(X 2 li2l )(X 2 2ill ) 


(0) 


2 





42 


306 


(A 7 BC 2 )(A 7 )(X 4 2i _ 11 )(X 2 5i _ 3l )X [0 , 1] 


(0) 


6 


2 


10 


307 


(A 7 BC 2 )(A 7 )(X[' 2i _ 11 )X [5 ,_3]C 


(0) 


2 


1 


18 


308 


(A 7 BC 2 )(AS)(Xf 2 ,_ 11 )(X 2 3i _ 2l )C 


(0) 


2 





24 


309 


(A 7 BC 2 )(Xf 2al )(X 2 7i3l )(X 2 3al )X [7il] 


(0) 


2 





18 


310 


(A 7 BC 2 )(Xf 2>1] )(X- 3 3il] )X [11 ,3]X [5il] 


(0) 


6 


3 


6 


311 


(A 7 BC 2 )(Xg 1] )(X 2 3il] )X [21 , 5] X [9)2] 


(0) 


2 





10 


312 


(A 7 BC 2 )(A 11 )X [6 ,_ 1] X [3 ,- 1] C 


(0) 


2 


1 


6 


313 


(A 7 BC 2 )(A 5 X [2il] X [4il] )(X| al X [5 , 2] A) 


(0) 


4 





4 


314 


( A 7 BC 2 ) (Xf^X^X^] ) (Xf 41] ) ( A 2 ) 


(0) 


2 





20 


315 


(A 7 BC 2 )(Xf 4ill AX [7 , 2] )(A 6 )C 


(0) 


2 





12 


316 


(A 7 BC 2 )(X| 4al AX [7 , 2] )(A 3 )(Xf 2al ) 


(0) 


6 





6 


317 


(A 7 BC 2 )(Xf 3il] AX [5i2] )(A 5 )X [0!l] 


(0) 


4 


2 


6 


318 


(A 7 BC 2 )(A 7 CX [3il] )(X 3 0al )(C 2 ) 


(0) 


4 





6 



50 



Table 4: Global monodromies of extremal elliptic K3 surfaces 



No 


global monodromy 


MW 


a 


b 


c 


319 


(A^BC 2 )(A9BC)(Xf 2 _ 1] )X [0il] 


(0) 


2 





4 


320 


(A 7 BC 2 )(A 10 BC)X [7i _ 2] X [2 ,_ 1] 


(0) 


2 





2 


321 


(A 7 BC 2 )(A 5 X [2i1] X 2 4j1] )(A 4 )(X 2 2i1] ) 


(0) 


2 





12 


322 


(A 7 BC 2 )(A 5 CXf 3ill )(A 5 )C 


(0) 


2 


1 


8 


323 


(A 7 BC 2 )(A 5 X [0 , 1] X 2 2il] )(A 4 X [0 , 1] X [2 , 1] ) 


(0) 


4 


2 


4 


324 


(A 7 BC 2 )(A 6 CX 2 311 )(A 3 )(X 2 2al ) 


(0) 


2 





6 


325 


(A 7 BC 2 )(A 6 X [0il] X 2 2al )(A 4 )C 


(0) 


2 





4 
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